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Eddy kinetic energy redistribution within idealized extratropical
cyclones using a two-layer quasi-geostrophic model
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Eddy kinetic energy (EKE) redistribution within midlatitude cyclones is investigated using
a two-layer quasi-geostrophic model. The flow is composed of synoptic localized cyclones in
both layers interacting with a baroclinic zonal basic flow. The effects of the planetary vortic-
ity gradient β and the relative vorticity gradient of the westerly basic flow are to reduce the
upstream ageostrophic geopotential fluxes in the lower layer and to intensify the downstream
fluxes in the upper layer. Furthermore, they act to reduce the downward ageostrophic geopo-
tential fluxes and to intensify the upward ageostrophic fluxes. When cyclones are embedded
in a cyclonic shear, EKE rapidly accumulates on the southwestern flank of the lower-
layer cyclone before being cyclonically redistributed by the rearward cyclonically oriented
ageostrophic fluxes and nonlinear advection. In contrast, when cyclones are embedded in
an anticyclonic shear, the lower-layer ageostrophic fluxes are mainly westward-oriented and
the pressure work combines perfectly with nonlinear advection to maintain the EKE increase
at the same place upstream or downstream of the lower-layer cyclone, depending on the
value of β . Finally, a simulation showing the crossing of a westerly jet by cyclones condenses
all the above effects. At the early stages, when cyclones lie on the anticyclonic side of the jet, a
strong EKE increase occurs downstream of the lower-layer cyclone. Just after the jet crossing,
the EKE is rapidly rearward and cyclonically redistributed by the ageostrophic fluxes and
nonlinear advection, leading to the formation of a lower-layer jet to the south of the cyclone.
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1. Introduction

Since the work of Lorenz (1955), energy budgets have been
computed intensively to analyze the general circulation of the
atmosphere and, in particular, the interactions between zonal
flow and eddies. At midlatitudes, energy budgets have been
made to pursue different objectives. Simmons and Hoskins
(1978) analyzed the nonlinear stage of baroclinic waves in
primitive-equation simulations. Cai and Mak (1990) made
energy budgets to identify cyclogenetic regions in a given zonally
inhomogeneous background flow. Orlanski and Katzfey (1991)
and Orlanski and Sheldon (1995) investigated the energy cycle of
individual real cyclones, while Chang et al. (2002) showed how
energy budgets are helpful to underlie the different processes
responsible for the maintenance of storm tracks. All these
studies considered the energy growth of midlatitude cyclones as
a whole, without paying much attention to local variations of
energy inside them. However, the strong anisotropic structure
of extratropical cyclones and the variety of frontal structures
that may accompany them (Davies et al., 1991) suggests that the
determination of regions of kinetic energy accumulation in the
immediate vicinity of a given cyclone is not straightforward and

is worth studying from a systematic basis. Our main motivation
is thus to better understand the formation of strong winds within
extratropical storms by computing local kinetic energy budgets.

Before describing our approach, it is worth summarizing the
different steps that led to our current understanding of the energy
cycle of extratropical cyclones. The initial extraction of available
potential energy from the zonal flow by the eddies is quasi-
simultaneously followed by conversion into eddy kinetic energy
(EKE: Simmons and Hoskins, 1978). Once the nonlinearities
become strong and the occlusion process starts at the surface,
the eddies transfer back their kinetic energy to the zonal flow
via barotropic energy exchanges (Simons, 1972; Simmons and
Hoskins, 1978). These results were obtained following the so-
called normal-mode approach, which is less relevant when one
wants to analyze the energy of individual cyclones. This is the
reason why the development of localized synoptic disturbances
in baroclinic zonal flows has been considered by Simmons
and Hoskins (1979): in particular, so as to better understand
the observed downstream intensification of troughs and ridges
(Hovmöller, 1949). The energetics point of view of downstream
development has been clarified by Orlanski and co-authors by
showing how ageostrophic geopotential fluxes are responsible for
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the energy loss of an upstream mature eddy and energy gain of a
downstream developing eddy. The relevance of the ageostrophic
fluxes in the EKE growth has been demonstrated in the study of
real cyclones (Orlanski and Katzfey, 1991; Orlanski and Sheldon,
1995) as well as idealized ones (Orlanski and Chang, 1993).
The ageostrophic geopotential fluxes are upstream-oriented in
the lower troposphere, while they are downstream-oriented in
the upper troposphere, with the latter having larger amplitudes
than the former. Orlanski and Chang (1993) suggest that the
dominance of downstream development can be explained by
the presence of the planetary vorticity gradient β (and also
surface friction), which tends to decrease the ageostrophic wind
at lower levels and to increase it at upper levels. The presence of
a baroclinic westerly jet can also be responsible for the reduction
of the upstream lower-tropospheric ageostrophic fluxes and the
intensification of the downstream upper-tropospheric fluxes, as
will be emphasized in the present article and following the
arguments of Lim et al. (1991). However, our main objective
differs from that of previously cited articles, as our goal is to show
how ageostrophic geopotential fluxes are important to explain
local kinetic energy maxima in the vicinity of surface cyclones.

Even though cyclone formation generally implies large latent
heat releases (Danard, 1964), it is important as a first step to
simplify our problem and to better understand how dry synoptic-
scale dynamics organizes the formation of kinetic energy maxima
in specific regions of surface cyclones. To do so, the two-layer
quasi-geostrophic (QG) model is used, which is one of the
most simple models allowing the formation of baroclinic eddies
(Phillips, 1951).

Using a dry version of a numerical weather prediction model,
a very recent study by Papritz and Schemm (2013) shows that
the low-level jet formation within the Shapiro–Keyser cyclone
type (Shapiro and Keyser, 1990) can be partly attributed to
the convergence of the ageostrophic geopotential fluxes along
the bent-back front. Such a result will be confirmed hereafter.
However, the original aspect of the present study is to provide
new dynamical insights to interpret this behaviour and to analyze
systematically the factors influencing EKE redistribution, such as
the planetary vorticity gradient β and nonlinearities as well as
the sign of the lateral background shear. Besides, one advantage
of the present quasi-geostrophic study lies in the fact that energy
budgets are perfectly closed.

The present article closes a series of articles that have followed
the same approach using the two-layer QG model, with the aims
of understanding better the behaviour of some recent storms that
have crossed the large-scale jet from its anticyclonic (warm-air)
to its cyclonic (cold-air) side (Rivière and Joly, 2006; Oruba et
al., 2013). The set-up of the numerical experiments consists of
embedding finite-amplitude synoptic-scale localized cyclones in
baroclinic flows presenting various spatial heterogeneities. Gilet
et al. (2009) have shown that the key ingredient allowing a surface
cyclone to move across the upper-level jet axis is the vertically
averaged potential vorticity (PV) gradient through a general-
ization of the so-called ‘beta-drift’ mechanism in a baroclinic
atmospheric context. In Oruba et al. (2013), the background
deformation is shown to modulate the cross-jet motion in such a
way that the more meridionally elongated the cyclones, the faster
the cross-jet motion. Finally, Rivière et al. (2013) provided an
energetics explanation for the rapid deepening stage undergone
by the lower-layer cyclones when they cross the jet.

In the present article, the ultimate goal is to explain the
various stages of EKE redistribution occurring on the edges of the
lower-layer cyclone before and after the jet-crossing phase. To
do so, we aim to dissect the different processes in play when the
surface cyclone crosses the jet from its anticyclonic to its cyclonic
side. Three distinct factors are identified as playing a role in the
redistribution of EKE. One involves different components of
the PV gradient. Both the planetary vorticity gradient β and the
relative vorticity gradient associated with a westerly jet are shown
to affect the upstream and downstream redistribution of EKE, as

Table 1. Summary of the different parameter values.

α Standard velocity shear 2.5 × 10−5 s−1

f0 Uniform Coriolis parameter 10−4 s−1

β0 Reference value for β 1.6 × 10−11 m−1 s−1

λ Radius of deformation 4.5 × 105 m
ν Diffusion coefficient 4 × 104 m2 s−1

well as its vertical redistribution. The second factor is represented
by nonlinearities, which tend to redistribute EKE cyclonically.
The third one is the sign of the horizontal background shear. To
conclude, we adopt a strategy that consists of analyzing each of
these factors separately before studying the net effect when all
these factors are in play.

Section 2 describes the model and the EKE budget, as well as
the initial disturbances. Section 3 is dedicated to simulations in
which the background flow is horizontally uniform and presents
a constant positive vertical shear. The purpose is to identify the
role of β and nonlinearities in EKE redistribution in the vicinity
of the lower-layer cyclone. In section 4, the influence of the
lateral background shear is investigated. Section 5 analyzes EKE
redistribution within cyclones crossing a meridionally confined
zonal jet. Finally, section 6 provides a conclusion.

2. Methodology

2.1. Model

The model is the two-layer QG model on the β-plane initially
developed by Phillips (1951). The two discrete layers are contained
between two rigid horizontal plates. At each layer k ∈ [u, l] (‘l’
and ‘u’ denoting the lower and upper layers respectively), the
prognostic equations for the PV qk can be written as

∂qk

∂t
+ uk.∇qk = ν∇4ψk, k ∈ [u, l] , (1)

where the PV has the following expression:

qu = f + ∇2ψu − λ−2(ψu − ψl), (2)

ql = f + ∇2ψl + λ−2(ψu − ψl), (3)

and where ∇ denotes the horizontal gradient operator in pressure
coordinates. The geostrophic stream function and wind in
the layer k are respectively denoted as ψk and uk = (uk, vk).
The Coriolis parameter is expressed as f = f0 + βy, where β
determines its latitudinal variations. The scalar λ ≡ sδp/f0 is
the Rossby radius of deformation, where δp is the difference of
pressure between the middle of the two layers and s the mean
stratification parameter in pressure coordinates (Holton, 2004).∗
It is the same model as that used in Gilet et al. (2009), Oruba et
al. (2013) and Rivière et al. (2013). It is spectral, the nonlinear
terms are computed on a regular grid, a leapfrog temporal
scheme is used and the domain is biperiodic. The spatial and
temporal resolutions are respectively equal to δx = δy = 125 km
and δt = 225 s. Note that a ∇4 diffusion has been introduced here
to obtain smoother fields, but very similar results were obtained
without it. The values of the input parameters are given in Table 1.

2.2. Eddy kinetic energy budget

Let us first write the non-discrete formulation of the EKE
equation. The total flow is the sum of a zonal basic flow
(denoted with an overbar), which is hereafter defined as the
zonal flow at the initial time, and a perturbation (denoted with

∗Note that λ has the dimension of a distance here and is the multiplicative
inverse of Holton (2004)’s λ; s is the square root of Holton (2004)’s σ .
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primes). The total geostrophic wind can thus be expressed as u =
u + u′ = u(y, p)i + u′. The time evolution of the perturbation
kinetic energy (K ′ ≡ 1

2 u′2) in isobaric coordinates under the QG
approximation on a β-plane can be written as (see Appendix A)

∂

∂t
K ′ = −u′ · (u · ∇u)′ − u′

a · ∇
′, (4)

where

−u′ · (u · ∇u)′ = −u′ · (u′ · ∇u) − u · ∇K ′ − u′ · ∇K ′ (5)

and

−u′
a · ∇
′ = −∇ · (
′u′

a) − ∂

∂p
(ω′
′) + ω′ ∂
′

∂p
. (6)

Here 
 = f0ψ , ω and ua denote the geopotential, vertical
velocity and horizontal ageostrophic wind, respectively. Note
that this equation has been obtained by considering that all
the ageostrophic terms are contained in the ageostrophic wind
and that the ageostrophic geopotential is zero. As shown in
Appendix A and consistent with Cai and Huang (2013), such a
formulation does not lose the generality of the problem and the
energy budget is perfectly closed as soon as the ageostrophic wind
is properly computed.

Let us briefly summarize the physical meaning of each term
involved in Eqs (4)–(6). The reader is referred to Cai and Mak
(1990) or Rivière et al. (2004) for further details. The first term
on the right-hand side (rhs) of Eq. (4) is the sum of the Reynolds
stress term −u′ · (u′ · ∇u), the linear advection term −u · ∇K ′
and the nonlinear advection term −u′ · ∇K ′ (see Eq. (5)). The
Reynolds stress term is the barotropic conversion rate from
the basic flow to the perturbation. The second term on the
rhs of Eq. (4) is the pressure work term, which is the sum
of the convergence of the horizontal ageostrophic geopotential
fluxes −∇ · (
′u′

a), the convergence of the vertical ageostrophic
geopotential fluxes −∂(ω′
′)/∂p and the baroclinic internal
conversion rate ω′(∂
′/∂p) (see Eq. (6)). The convergence of the
ageostrophic geopotential fluxes −∇ · (
′u′

a) and −∂(ω′
′)/∂p
horizontally and vertically redistributes EKE, while the baroclinic
internal conversion rate ω′(∂
′/∂p) is the energy transfer from
eddy potential energy to EKE. It is important to note that
there are only two terms involved in the pressure work with
non-zero global horizontal averages, which are ω′(∂
′/∂p) and
−∂(ω′
′)/∂p. Their sum −
′(∂ω′/∂p) is hereafter called the
stretching conversion term and is an important diagnostic to
estimate the global EKE increase in the lower layer. Indeed,
when horizontally averaged, the two terms ω′(∂
′/∂p) and
−∂(ω′
′)/∂p strongly cancel each other and their sum needs to
be computed to estimate the global EKE tendency in a given layer
(further details in Rivière and Joly, 2006; Rivière et al., 2013).
This sum is also physically meaningful, as it directly involves
the stretching term f0(∂ω′/∂p) of the relative vorticity equation.
Note, finally, that when both horizontal and vertical averages
are made, only two terms of the energy equation are non-zero:
the barotropic conversion rate −u′ · (u′ · ∇u) and the baroclinic
conversion rate ω′(∂
′/∂p). These two terms are the only sources
of EKE in QG dynamics.

Let us now explain how the kinetic energy budget has been
made within the two-layer framework. Following Eq. (4), the EKE
equation in each layer k ∈ [u, l] can be expressed as

∂

∂t
K ′

k = −u′
k · (uk · ∇uk)′ − u′

ak · ∇
′
k, (7)

where

−u′
au · ∇
′

u = − ∇ · (
′
uu′

au) − λ−1sω′
u−l

ψ ′
u + ψ ′

l

2

− λ−1sω′
u−l

ψ ′
u − ψ ′

l

2
, (8)

−u′
al · ∇
′

l = − ∇ · (
′
lu

′
al) + λ−1sω′

u−l

ψ ′
u + ψ ′

l

2

− λ−1sω′
u−l

ψ ′
u − ψ ′

l

2
(9)

and where ωu−l is the vertical velocity at the interface between
the two layers. The second terms on the rhs of Eqs (8) and
(9) (i.e the discretization of −∂(ω′
′)/∂p in the two layers)
are opposite because this corresponds to the exchange of kinetic
energy between the two layers, while the third terms (i.e the
discretization of ω′(∂
′/∂p)) are equal to each other, meaning
that the baroclinic conversion rates are the same in the two layers.
The kinetic energy tendencies, advection terms and Reynolds
stress terms are obtained from the geostrophic stream function
and wind (i.e directly from PV inversion), but the different terms
involved in the decomposition of the pressure work (Eqs (8)–(9))
are obtained from other diagnostic equations. By decomposing the
ageostrophic wind into rotational and irrotational components,
u′

ak = ∇χ ′
k − (1/f0)k × ∇φ′

ak, one can easily find the equations
determining φ′

ak and χ ′
k. The scalar φ′

ak can be computed by

introducing φ̂′
ak ≡ φ′

ak − βyψ ′
k (Hua et al., 1998; Rivière et al.,

2003) and solving the following equation:

∇2φ̂′
ak = 2(J(uk, vk) + J(u′

k, v′
k)) + βu′

k, k ∈ [u, l] , (10)

where J denotes the Jacobian operator. Since the rhs of Eq. (10)
is biperiodic, φ̂′

ak is also biperiodic and can be easily computed in
spectral space, which is not the case when one wants to solve the
equation for φ′

ak directly (see Eq. (A7) in Appendix A).
The velocity potential χ ′

k can be obtained from the so-called
‘omega equation’. Its two-layer formulation can be written as
(Holton, 2004; Cai and Mak, 1990)

(∇2 − 2λ−2)(λ−1sω′
u−l) = −2

1

λs
∇ · Q′ − β

λ2
(v′

u − v′
l ), (11)

where

Q′ = − s

λ

(
∂uu−l

∂x
· ∇(ψ ′

u − ψ ′
l ),

∂uu−l

∂y
· ∇(ψ ′

u − ψ ′
l )

)

− s

λ

(
∂u′

u−l

∂x
· ∇(ψu − ψ l),

∂u′
u−l

∂y
· ∇(ψu − ψ l)

)

− s

λ

(
∂u′

u−l

∂x
· ∇(ψ ′

u − ψ ′
l ),

∂u′
u−l

∂y
· ∇(ψ ′

u − ψ ′
l )

)
(12)

and uu−l = (uu + ul)/2 is the geostrophic wind at the interface
between the two layers. The velocity potential is obtained
from the continuity equation: f0∇2χ ′

l = λ−1sω′
u−l and f0∇2χ ′

u =
−λ−1sω′

u−l. The great advantage of making the energy budget by
computing the ageostrophic terms from the previous diagnostic
equations is the fact that all the geostrophic kinetic energy time
tendencies can be exactly diagnosed from the sole knowledge
of the geostrophic flow at each given time. Note, finally, that
these two-layer equations are the nonlinear versions of those
introduced by Cai and Mak (1990). Indeed, if the products
between the perturbation quantities are suppressed in Eqs (7),
(10) and (12), one can easily recover the equations of the previous
cited article in the case of a zonal basic flow.

As the article focuses on EKE redistribution within individual
extratropical cyclones, the energy budget is made by following
the main cyclone in the lower layer. To do so, Eq. (7) in the lower
layer is written as follows:

(
∂

∂t
+ c · ∇

)
K ′

l = − u′
l · (ul · ∇ul)

′ + c · ∇K ′
l

− u′
al · ∇
′

l , (13)

where c denotes the phase speed of the lower-level cyclone.
The latter has been obtained by computing the position of
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the perturbation stream function minimum in the lower layer
(denoted as xmin(t)) and by using a three-hour finite-difference
scheme: c = �x/�t, where �x(t) = xmin(t + �t) − xmin(t −
�t) and �t = 3 h. Note that this computation does not affect
the precision of the EKE budget, as c · ∇K ′

l appears on both
sides of Eq. (13). It has been checked that the energy budget of
Eq. (13) was entirely closed for simulations without diffusion. For
simulations including diffusion, as shown hereafter, the left-hand
side (lhs) of Eq. (13) has only very slightly lower amplitude than
the rhs because of the dissipative effects of diffusion (not shown).
These slight differences do not change our results.

2.3. Initial conditions

The initial flow is composed of a baroclinic zonal flow and
localized cyclonic anomalies. The definition of the baroclinic zonal
flow will depend on the section considered and will vary from
the most simple shape presenting a homogeneous vertical shear
in section 3 to a more complex shape presenting a meridionally
confined baroclinic jet in section 5. During the simulations, the
basic flow is always defined as the zonal flow at the initial time.
It may differ from the zonal mean flow at each time, but only
slightly, as the anomalies are zonally confined and their nonlinear
interactions lead to a weakly modified zonal flow.

In order to introduce localized cyclonic anomalies in the initial
state, the perturbation stream function ψ ′

k in each layer k is
initially composed of a negative anomaly that has the following
Gaussian shape:

ψ ′
k = −A′ exp

[
− (x − x0k)2 + (y − y0k)2

r′2

]
, (14)

where A′ =1.8 × 107 m2 s−1 is the amplitude and r′ =900 km
the characteristic spatial scale. The amplitude and location of the
upper- and lower-layer disturbances have been determined to
reproduce the case of some mature extratropical cyclones (see
e.g. Rivière and Joly, 2006; Oruba et al., 2013, their figure 1),
mostly following type B development (Petterssen and Smebye,
1971). The upper- and lower-layer disturbances initially have the
same amplitude and are located at the same latitude (y0u = y0l),
but the lower disturbance is located downstream of the upper
one to achieve the so-called westward tilt with height, which
allows a substantial extraction of potential energy from the basic
flow (x0u = x0l + 625 km). The reader is referred to Rivière et al.
(2013) to examine the impact of the perturbation parameters in
similar numerical experiments.

3. Baroclinic zonal flows without horizontal shear

To simplify the problem and later clarify the effect of various
components of the background flow, the present section considers
a horizontally uniform basic flow having a positive vertical shear
(uu = uu0 =18 m s−1, ul = ul0 =0 m s−1).

3.1. The β effect on the horizontal and vertical redistribution of
eddy kinetic energy

Figure 1 shows the perturbation stream function and kinetic
energy at t = 24 h for linear and nonlinear runs with β = 0
and β = 2β0. When β is non-zero, it has been artificially
increased beyond the typical midlatitude value of the y-derivative
of f to reproduce the stronger PV gradient in more realistic
baroclinic flows. For instance, meridionally confined westerly jets
usually create a positive relative vorticity gradient, which can be
artificially reproduced by increasing β in the present horizontally
uniform basic flow. The reader is referred to Appendix B for a
detailed treatment of the effect of basic-state relative vorticity
gradients.

For the linear run with β = 0, upstream and downstream
developments occur in the lower and upper layer, respectively.

An anticyclone is formed downstream of the upper cyclone
and upstream of the lower cyclone (see grey contours in
Figure 1(a)). Since β is zero, the upper and lower layers
are antisymmetric and the amounts of downstream and
upstream development are the same, as well as the intensities
of the ageostrophic geopotential fluxes in the two layers
(Figure 1(b) and (c)).

In the linear case with β = 2β0, downstream development in
the upper layer is stronger than upstream development in the
lower layer, as initially described by Orlanski and Chang (1993).
The upstream ageostrophic geopotential fluxes in the lower layer
are much weaker than the downstream fluxes in the upper layer
(compare Figure 1(e) and (f)). Because of this overall dominance
of downstream development, anticyclones in the lower and upper
layers are both much stronger on the downstream side of the
cyclones (Figure 1(d)). Indeed, even though the lower-layer fluxes
are mainly upstream-oriented (Figure 1(f)), because of strong
baroclinic interaction, the stronger lower-layer anticyclone is
formed downstream. In the lower layer, the competition between
upstream development and baroclinic interaction with the upper-
layer anticyclone makes the lower-layer anticyclone weaker than
the upper-layer anticyclone.

In the nonlinear case with β = 0, the evolution of the upper
and lower layers is antisymmetric and characterized by the
formation of anticyclones to the northeast and southwest of
the initial cyclones in the upper and lower layers, respectively
(Figure 1(g)). At the upper layer, the anticyclone is formed due to
downstream development but is then advected northwestward by
the circulation of the main cyclone, which explains its northeast
location relative to the cyclone at t = 24 h. The reverse occurs
in the lower layer. It is interesting to note that nonlinearities
act to prevent horizontal dispersion of energy. Indeed, the
anticyclones are slightly weaker, EKE is less dispersed and the
outward ageostrophic geopotential fluxes are smaller in the
nonlinear case than in the linear case (compare Figure 1(g)–(i)
and (a)–(c)). Furthermore, ageostrophic geopotential fluxes
are cyclonically oriented in the nonlinear case; this will be
explained later.

In the nonlinear case with β = 2β0, the two cyclones turn
around each other as in the nonlinear case with β = 0 but the
dominance of downstream development leads to the formation of
the main anticyclones to the east–northeast of the initial cyclones
in the upper and lower layers (Figure 1(j)). Around the main
cyclones, the ageostrophic geopotential fluxes are cyclonically
oriented, while at the location of the anticyclones they are mainly
downstream-oriented, in particular around the main upper-layer
anticyclone (Figure 1(k)–(l)).

To understand better the pressure work budget in the presence
of β , it is meaningful to write Eqs (10) and (11) in the linear case
with horizontally uniform zonal basic flows:

∇2φ̂′
ak =βu′

k, k ∈ [u, l] , (15)

(∇2 − 2λ−2)(λ−1sω′
u−l) = − λ−2(uu0 − ul0)∇2(v′

u + v′
l )

− β

λ2
(v′

u − v′
l ). (16)

Let us first analyze the case β = 0. In such a case, φ′
ak is

zero and the ageostrophic wind has no rotational component
(see Eq. (15)), while the vertical velocity ω′

u−l reaches peak
values in the same regions where −(uu0 − ul0)(v′

u + v′
l ) does (see

Eq. (16)). This leads to the classical ascending and descending
motions respectively on the eastern and western sides of a cyclone
embedded in a positive vertical shear. Therefore, the horizontal
ageostrophic wind u′

al and u′
au are respectively eastward- and

westward-oriented and the reverse occurs for the ageostrophic
geopotential fluxes.

Whenβ �= 0,φ′
ak is non-zero and its impact on the ageostrophic

wind can be easily approximated by considering wavelike
disturbances with monochromatic horizontal fluctuations (i.e
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(a)

(d)

(g)

(j) (k) (l)

(h) (i)

(e) (f)

(b) (c)

Figure 1. Perturbation stream function and kinetic energy at t = 24 h for (first line) the linear run without β , (second line) the linear run with β = 2β0, (third line)
the nonlinear run without β and (fourth line) the nonlinear run with β = 2β0. Left column: perturbation stream function in the lower layer ψ ′

l (solid thick contours;
interval 5 × 106 m2 s−1; grey and black contours represent negative and positive values respectively) and upper layer ψ ′

u (dashed thick contours; same interval as in the
lower layer); the temperature at the interface between the two layers is shown by thin black contours (interval 4 K). Middle column: magnitude of the perturbation
geostrophic wind in the upper layer |u′

u| (black contours; interval 3 m s−1 for values smaller than 30 m s−1) and horizontal ageostrophic geopotential fluxes 
′
uu′

au
(arrows for values greater than the maximum intensity divided by ten). Right column: same as the middle column but in the lower layer.

when ψ ′
k ∝ exp

[
i(mx + ly)

]
). The total horizontal wavenumber

is hereafter denoted as K ≡ √
m2 + l2. The monochromatic

assumption provides an easy framework to invert the Laplacian
operators in Eqs (15) and (16). From Eq. (15), one can deduce
that

1

f0
∂yφ

′
al = 1

f0
∂yφ̂

′
al +

β

f0
ψ ′

l − βy

f0
u′

l � βm2

f0K2
ψ ′

l − βy

f0
u′

l. (17)

Diagnosing the irrotational ageostrophic zonal wind (Eq. (16)) in
the same way, one can find

∂xχ
′
l � −m2λ−2

f0(K2 + 2λ−2)
(uu0 − ul0)(ψ ′

u + ψ ′
l )

+ βm2λ−2

f0K2(K2 + 2λ−2)
(ψ ′

u − ψ ′
l ), (18)

c© 2014 Royal Meteorological Society Q. J. R. Meteorol. Soc. 141: 207–223 (2015)



212 G. Rivière et al.

which leads to the following expression for the lower-layer
ageostrophic zonal wind:

u′
al = 1

f0

∂φ′
al

∂y
+ ∂χ ′

l

∂x

� −m2λ−2

f0(K2 + 2λ−2)
(uu0 − ul0)(ψ ′

u + ψ ′
l )

+ βm2

f0K2

(
K2 + λ−2

K2 + 2λ−2
ψ ′

l + λ−2

K2 + 2λ−2
ψ ′

u

)
− βy

f0
u′

l.

(19)

This equation can be related to the meridional momentum
equation of well-known particular cases. Indeed, without
background flow and for ψ ′

l = ψ ′
u (ψ ′

l = −ψ ′
u), the equation

reduces to the well-recognizable form

f0u′
al = −c

∂v′
l

∂x
− βyu′

l ,

where c is the phase speed of the Rossby-wave barotropic
(baroclinic) mode. As ψ ′

l and ψ ′
u are negative in the vicinity of

the cyclones, the β term creates a westward-oriented component
in the middle of the domain (y = 0) because the second term on
the rhs of Eq. (19) is negative and the third term vanishes. We
therefore found that the mainly eastward-oriented ageostrophic
flow in the lower layer due to the first term of Eq. (19) is
diminished by the westward-oriented component involving β .
The opposite occurs in the upper layer, where the two westward-
oriented components add to each other. This explains why the
upstream ageostrophic geopotential fluxes in the lower layer are
diminished and the downstream fluxes in the upper layer are
increased in the presence of β . These findings are similar to
those of Orlanski and Chang (1993) (see their section 4c), but
the advantage of our analysis is to provide an approximated
expression for the β-term affecting the ageostrophic wind.

The presence of β also affects the vertical velocity and vertical
ageostrophic fluxes. The second term on the rhs of Eq. (16)
is mainly negative in regions spanned by the two cyclones and
therefore tends to diminish the ascending motions above the
lower-layer cyclone and to intensify the descending motions
below the upper-layer cyclone, as already described in Rivière et
al. (2013). Therefore, the downward vertical ageostrophic fluxes
above the lower-layer cyclone are diminished and the upward
vertical ageostrophic fluxes below the upper-layer cyclone are
increased. This is confirmed by looking at the third row in Figure 2.
With β = 0, the convergence of the vertical ageostrophic fluxes
−∂(ω′
′)/∂p shows symmetric negative and positive anomalies
in both layers (Figure 2(i) and (j)). With β = 2β0, −∂(ω′
′)/∂p
presents more positive values than negative values in the upper
layer and vice versa in the lower layer (Figure 2(k) and (l)).

The consequence of the asymmetries created by β on the
pressure work budget is shown in Figure 2 at the initial time of the
linear simulations. In these experiments, the Reynolds stress term
is zero and the advection terms are reduced to the linear advection
terms. Linear advection (not shown) creates a slight shift between
the EKE tendencies and the pressure work tendencies, but to
first order the two previous tendencies are close to each other.
With β = 0, the EKE increase downstream of the upper-layer
cyclone is symmetric to the EKE increase upstream of the lower-
layer cyclone. At the upper layer, the positive convergence of
the horizontal fluxes on the immediate downstream side of the
cyclone (Figure 2(m)) overwhelms the negative convergence of
the vertical fluxes (Figure 2(i)), which, added to the positive
baroclinic conversion rate (Figure 2(e)), creates a positive EKE
tendency there (Figure 2(a)). A symmetric behaviour occurs on
the upstream side of the lower-layer cyclone (second column).
With β = 2β0, in the upper layer, the positive convergence of the
horizontal fluxes on the downstream side of the cyclone increases
and the negative convergence of the vertical fluxes decreases

in amplitude, leading to a stronger EKE increase there (third
column). With β = 2β0, in the lower layer, the strongest increase
in EKE now occurs on the downstream side of the cyclone because
the upstream fluxes are significantly reduced in the presence of β
in that region (fourth column). In other words, in the presence
of β , the maxima of the lower-layer EKE tendency are found in
regions of convergence of the downward fluxes and divergence of
the upstream fluxes. This is the opposite to what happens in the
β = 0 case. Note, finally, that there is another consequence of
the asymmetry created by β . Even though the baroclinic internal
conversion rates are the same in the two layers (Figure 2(g) and
(h)), this is the asymmetry in the vertical redistribution that
explains why the EKE of the lower-layer cyclone increases less
rapidly than that of the upper-layer cyclone (Figure 2(c) and (d)).

Figure 3 is a schematic summarizing the β effects on the
ageostrophic geopotential fluxes. In the presence of β , the
upstream lower-layer and downward fluxes are reduced, whereas
the downstream upper-layer and upward fluxes are intensified.
Therefore, in the upper layer, β intensifies the EKE increase
on the downstream side of the cyclone by both intensifying
the downstream fluxes and reducing the downward fluxes.
Conversely, in the lower layer, β reduces the EKE increase on
the upstream side of the cyclone by both reducing the upstream
fluxes and intensifying the upward fluxes. The reader is referred
to Appendix B to see how the basic-state relative vorticity gradient
has a similar influence on the ageostrophic wind.

3.2. Nonlinear effects on the horizontal redistribution of EKE in
the lower layer

The rest of the article is dedicated to the EKE redistribution
in the lower layer and the subscript ‘l’ is hereafter suppressed
for simplicity purposes. To understand nonlinear effects better,
Figure 4 shows the lower-layer EKE budget for the nonlinear
run with β = 0 at t = 0 h. EKE mainly increases to the west
of the cyclone centre, as in the linear case, but already has a
greater tendency to increase on the southwestern side than on the
northwestern side (Figure 4(b)). This is due to the pressure work,
which shows a clear EKE increase on the southwestern side of the
cyclone (Figure 4(c)). At that time, advection terms are dominated
by linear advection, as the cyclone is isotropic, which does not
play a key role in EKE tendencies (Figure 4(d)). By looking at the
three terms involved in the pressure work tendency (second row),
one can see that it is mainly the convergence of the horizontal
ageostrophic geopotential fluxes that explains the positive
pressure work tendency on the southwestern side of the cyclone.

In order to understand better the orientation of the horizontal
ageostrophic geopotential fluxes, the ageostrophic wind at t = 0
is decomposed into three terms (Figure 5). The velocity potential
is decomposed into a linear part involving the product between
the basic flow and perturbation quantities in the Q vector and a
nonlinear part involving the product between the perturbation
quantities and themselves (Eq. (12)). As shown in the previous
subsection, the linear part leads to a zonally oriented dipolar
anomaly in χ ’ and eastward winds (Figure 5(a)). The nonlinear
part creates a south–north oriented dipolar anomaly in χ ’ and
northward winds on the western side of the lower-layer cyclone
(Figure 5(b)). This can be simply understood by considering the
zonal momentum QG equation, in which nonlinear geostrophic
advection balances the Coriolis force (v′∂yu′ � f0v′

a). As this
term is positive on the western side of the cyclone, it creates
a northward ageostrophic component (see Rivière et al., 2013,
for further details). The total irrotational ageostrophic winds
are thus northeastward-oriented. The scalar φ′

a contains only a
nonlinear component, since there is no β and no horizontal
background shear in the present case (Eq. (10)). It creates
anticyclonic ageostrophic winds (Figure 5(c)). Therefore, the
ageostrophic wind is anticyclonically and northeastward-oriented
with divergence on the southwestern side of the cyclone and
convergence on its northeastern side. At the initial time, both 
′
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(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

(m) (n) (o) (p)

Figure 2. Pressure work budget at t = 0 h for the linear runs with (first two columns) β = 0 and (last two columns) β = 2β0. The first and third columns correspond
to the upper-layer budget, the second and fourth columns to the lower-layer budget. (a)–(d) Total pressure work −u′

a · ∇
′. (e)–(h) Internal conversion ω′∂p

′.

(i)–(l) convergence of the vertical ageostrophic geopotential fluxes −∂p(ω′
′). (m)–(p) convergence of the horizontal ageostrophic geopotential fluxes −∇ · (
′u′
a);

the arrows represent the fluxes 
′u′
a (only for values greater than 103 m3 s−3). The contour interval is 2 × 10−3 m2 s−3 from −2 × 10−3 m2 s−2 to 2 × 10−2 m2 s−3;

negative and positive values in dashed and solid contours respectively. The shadings represent the lower-layer perturbation wind magnitude |u′| (interval 5 m s−1).
All the plots are centred on the lower-layer perturbation geopotential minimum represented by the black cross.

and φ′
a being radially symmetric, the geopotential flux due to the

rotational ageostrophic wind (
′/f0)k × ∇φ′
a is non-divergent.

It is only the irrotational wind that creates the divergence of the
ageostrophic geopotential flux −∇ · (
′u′

a) shown in Figure 4(g).
To conclude, it is the eddy–eddy terms in the Q vector (or in the
momentum equation) that create the north–south component
of the ageostrophic geopotential fluxes and trigger the EKE
redistribution further south than in the linear case. There is a
more direct way of understanding why the pressure work reaches
its largest values on the southwestern side of the cyclone without
considering the ageostrophic geopotential fluxes. Indeed, as the
irrotational ageostrophic wind is northeastward-oriented on the
western side of the cyclone, it is more collinear to the geopotential
gradient on the southwestern part, which leads to strong values
of the pressure work −u′

a · ∇
′ there (Figure 4(c)).

After 12 h (Figure 6), the EKE maximum on the southwestern
side of the cyclone is well marked and the total EKE tendency still
shows an increase in more or less the same region (Figure 6(b)).
The difference from the initial time step is that both the pressure
work and the advection terms are responsible here for the EKE
increase on the southwestern side of the cyclone (Figure 6(c)
and (d)). The southern tendency of the advection terms at
t = 12 h (Figure 6(d)) is simply due to nonlinear advection,
which tends to redistribute EKE cyclonically and form cyclonically
oriented dipolar anomalies on both sides of an EKE maximum
(Figure 6(k)). On the other hand, linear advection (c − u) · ∇K ′
(Figure 6(j)) creates more east–west oriented dipolar anomalies
close to the EKE maximum. This is due to the fact that
the eastward phase speed is larger than the basic-state zonal
wind in the lower layer because of the negative PV gradient
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z
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x

Figure 3. Schematic of the ageostrophic geopotential fluxes associated with an
upper-layer cyclone (dashed contours) baroclinically interacting with a lower-
layer cyclone (solid contours) in the presence of a vertical shear (the basic-state
wind profile is represented on the left by thin arrows). The thick black and
grey arrows represent the ageostrophic geopotential fluxes for β = 0 and β �= 0,
respectively. The width and head of the arrows are proportional to the intensity
of the ageostrophic geopotential fluxes.

there. This reflects a well-known feature of baroclinic instability
(Heifetz et al., 2004). The pressure work tendency shows similar
patterns to those at t = 0 h; this is mainly the southwestward-
oriented ageostrophic fluxes due to the irrotational ageostrophic
wind, which redistribute EKE on the southwestern flank of the
cyclone (Figure 6(g) and (h)). However, note that, in contrast
to the initial time, the rotational ageostrophic wind creates a
non-divergent ageostrophic flux component (Figure 6(i)). The
rotational ageostrophic wind tends to redistribute kinetic energy
cyclonically as the fluxes (
′/f0)(k × ∇φ′

a) are cyclonically
oriented, but their tendencies tend to counteract the nonlinear
advection tendencies (compare Figure 6(i) and (k)).

Let us summarize nonlinear effects. There is a larger EKE
increase on the southwestern flank of the cyclone. At the
earlier stage, it is only the pressure work tendencies due to
the southwestward redistribution of EKE by the ageostrophic
geopotential fluxes that explain this tendency, while after a while
the nonlinear advection terms take over and participate actively
in the southwestward kinetic energy redistribution.

4. Baroclinic zonal flows with uniform horizontal shears

The present section investigates the impact of background
horizontal shear on EKE redistribution by adding a linearly
sheared zonal wind component along the y-direction to the
previous basic flow:

uu = −αy + uu0,

ul = −α

2
y + ul0,

where α corresponds to a standard shear value (see Table 1) and
the constants uu0 =18 m s−1, ul0 =0 m s−1 are the same as before.
Our motivation is to reproduce the background environments
of a surface cyclone evolving on the warm-air (anticyclonic) and
cold-air (cyclonic) sides of a large-scale midlatitude westerly jet.
The upper-layer horizontal shear is twice the lower-layer one,
to reproduce in rough fashion the observed lateral shears of
midlatitude jets. Similar experiments have been performed with
different shear values, but the results do not change qualitatively.
Note, finally, that, since uniform horizontal shears are introduced,
this system does not include any basic-state relative vorticity
gradient and allows us to analyze the effect of the basic-state
shears alone.

Figure 7 shows linear and nonlinear components of the
horizontal ageostrophic geopotential fluxes. In the cyclonic-shear
case, the linear component of the velocity potential induces
a dipolar anomaly in the convergence of the ageostrophic
geopotential fluxes, which is no longer zonally oriented as in the

(a)

(e) (f) (g)

(b) (c) (d)

Figure 4. Eddy kinetic energy budget in the lower layer for the nonlinear run with β = 0 at t = 0 h. (a) Perturbation relative vorticity in the lower layer ζ ′
l (thick solid

black contours, interval 4 × 10−5 s−1 for positive values only) and upper layer ζ ′
u (thick dashed black contours, same interval as in the lower layer); the temperature

at the interface between the two layers is shown by thin black contours (interval 4 K); (b) EKE tendency (∂t + c · ∇) K ′ in the lower layer; (c) total pressure work
−u′

a · ∇
′; (d) sum of the advection and Reynolds stress terms −u′ · (u · ∇u)′ + c · ∇K ′; (e) internal conversion ω′∂p

′; (f) convergence of the vertical ageostrophic

geopotential fluxes −∂p(ω′
′); and (g) convergence of the horizontal ageostrophic geopotential fluxes −∇ · (
′u′
a); the arrows represent the fluxes 
′u′

a (only for
values greater than 103 m3 s−3). For the EKE tendency terms, the contours and shadings are the same as in Figure 2. All the plots are centred on the lower-layer
perturbation geopotential minimum represented by the black cross.
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(a) (b) (c) (d)

Figure 5. All ageostrophic wind in the lower layer for the nonlinear run with β = 0 at t = 0 h. (a) Linear part of the velocity potential χ ′ (contours) and its gradient
(arrows). (b) Nonlinear part of the velocity potential χ ′ (contours) and its gradient (arrows). (c) Nonlinear part of the scalar φ′

a/f0 (contours) and −(1/f0)k × ∇φ′
a

(arrows). (d) Ageostrophic wind u′
a (arrows) and its divergence (contours; interval 2 × 10−6 s−1). In (a)–(c), the contour interval is 5 × 105 m2 s−1. In all panels, the

different winds are represented for values greater than 1 m s−1 only and the dashed and solid contours represent negative and positive values, respectively. The plots
are centred on the lower-layer perturbation geopotential minimum represented by the black cross.

(a) (b) (c) (d)

(e)

(h) (i) (j) (k)

(f) (g)

Figure 6. First and second row: same as in Figure 4, but at t = 12 h. (h) Convergence of the horizontal ageostrophic geopotential fluxes due to the irrotational
ageostrophic wind −∇ · (
′∇χ ′) ; the arrows represent the fluxes 
′∇χ ′. (i) Convergence of the horizontal ageostrophic geopotential fluxes due to the rotational
ageostrophic wind −∇ · [(
′/f0)k × ∇φ′

a]; the arrows represent the fluxes (
′/f0)k × ∇φ′
a. (j) Linear advection (c − u) · ∇K ′ and (k) nonlinear advection −u′ · ∇K ′.

The shadings are the same as in Figure 2. The interval for the black contours is 3 × 10−3 m2 s−3 from −3 × 10−3 m2 s−2 to 3 × 10−2 m2 s−3; negative and positive
values are shown by dashed and solid contours, respectively. All the plots are centred on the lower-layer perturbation geopotential minimum represented by the black
cross.

no-shear case (compare Figures 7(a) and 2(n)). The convergence
now peaks on the southwestern flank of the cyclone. Conversely,
in the anticyclonic-shear case, the convergence peaks on the
northwestern flank (Figure 7(b)). In the presence of horizontal
shear, the linear component of the rotational ageostrophic
wind creates a small-amplitude quadrupolar anomaly in the
convergence of the horizontal ageostrophic geopotential fluxes,
while it has a zero convergence without horizontal shear

(Figure 7(c) and (d)). This rotational component slightly
reinforces the EKE redistribution on the southwestern and
northwestern sides of the cyclone in the cyclonic and anticyclonic
shear cases respectively. As discussed in the previous section,
the nonlinear component creates a convergent component of
the fluxes on the southwestern side of the cyclone, which is
due to the irrotational ageostrophic wind (Figure 7(e) and (f)).
Summing the linear and nonlinear components in the two shear
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(a) (b)

(c) (d)

(e)

(f)

(g) (h)

Figure 7. Decomposition of the horizontal ageostrophic geopotential fluxes
(arrows) and their convergence (contours) in the lower layer into linear and
nonlinear components for the nonlinear runs with β = 0 in (left column) a
cyclonic shear and (right column) an anticyclonic shear. (a), (b) Linear part of the
irrotational ageostrophic wind; (c), (d) linear part of the rotational ageostrophic
wind; (e) nonlinear part of the irrotational ageostrophic wind; (f) nonlinear
part of the rotational ageostrophic wind; and (g), (h) sum of all the components.
Contours, shadings and arrows have the same definition as in Figure 4. All the plots
are centred on the lower-layer perturbation geopotential minimum represented
by the black cross.

cases leads to very different fluxes. In the cyclonic-shear case,
the two components add to each other in such a way that the
fluxes are southwestward-oriented and converge strongly on the
southwestern flank of the cyclone. In the anticyclonic-shear case,
the two components somehow compensate each other in such a
way that the fluxes are mainly westward-oriented and converge
on the western flank of the cyclone.

Let us now describe the shape evolution of the disturbances
in various configurations (left column of Figure 8). In the linear
cyclonic-shear run the disturbances are cyclonically tilted by the
shear, while in the nonlinear cyclonic-shear run the disturbances
are also cyclonically tilted, but the tilt is more zonal (compare
Figure 8(a)–(e)). This difference is due to the fact that elliptic
vortices tend to self-rotate cyclonically (Gilet et al., 2009).
Another difference concerns the relative position of the two
disturbances: the upper one is more to the south of the lower
one in the nonlinear case. The anticyclonic shear counteracts this
nonlinear effect (Figure 8(i)) and maintains the upper distur-
bance more upstream of the lower disturbance (more details in
Gilet et al., 2009). The inclusion of β does not affect the shape
and relative position of the two disturbances much (compare
Figure 8(i)–(m)). We conclude that the anticyclonic-shear case
leads to antagonistic effects between the linear and nonlinear
terms when looking at the horizontal ageostrophic geopotential
fluxes, the horizontal shape of the cyclones or the relative
position of the lower cyclone to the upper one.

The kinetic energy evolution for the same four simulations is
shown in the second column of Figure 8. In the linear cyclonic-
shear run, the lower-layer EKE globally increases but, more
importantly, on the southwestern side of the lower-level cyclone
(shadings in Figure 8(b)) the tendency is still mainly to increase
EKE in the same regions, but slightly more southeastward (see
black contours). This tendency is due solely to the pressure work
(Figure 8(c)) and not to the other tendencies (Figure 8(d)).
The positive tendency of the pressure work on the southwestern
flank of the cyclone is itself due to the convergence of the
horizontal ageostrophic geopotential fluxes coming from the
irrotational ageostrophic winds (not shown). For the nonlinear
cyclonic-shear run, there is also a global increase in EKE, but
its maximum EKE occurs more to the south of the cyclone
and the tendency is to displace the maximum cyclonically
(Figure 8(f)). In that case, both the pressure work and the
sum of the advection and Reynolds terms participate in the
southwestward EKE redistribution (Figure 8(g) and (h)). The
pressure work tendency is dominated by the convergence of the
horizontal ageostrophic fluxes, while the sum of the advection
and Reynolds stress terms is dominated by nonlinear advection
(not shown). For the nonlinear anticylonic-shear run, the EKE
maximum increases to the west of the cyclone and the tendency
is to reinforce it without any displacement (Figure 8(j)). This case
is rather similar to the linear run without shear. The pressure
work shows a positive tendency on the northwestern side of the
cyclone, while the sum of the advection and Reynolds stress terms
shows it on the southwestern side in such a way that the total
tendency acts to maintain the EKE increase primarily on the
western side of the cyclone (Figure 8(j)–(l)). The effect of the
sum of the advection and Reynolds stress term is again dominated
by the nonlinear advection terms (not shown). By adding β to
the nonlinear anticylonic-shear case (Figure 8(m)–(p)), the EKE
maximum is eastward-located and the tendency is to reinforce
this maximum. This shift from a westward to an eastward location
was already anticipated following our analysis of the β-terms in
the previous section (Figure 2). As expected, the positive pressure
work tendency on the eastern flank is due mainly to the sum of
the baroclinic conversion term and the convergence of the vertical
ageostrophic fluxes and not to the horizontal ageostrophic fluxes,
which are westward-oriented (not shown).

To conclude, in the nonlinear cyclonic-shear run there is more
rapid cyclonic EKE redistribution because the linear cyclonic-
shear effect and nonlinear effect add to each other. Conversely,
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(a) (b) (c) (d)

(e) (f) (g) (h)

(i)

(m) (n) (o) (p)

(j) (k) (l)

Figure 8. EKE budget in the lower layer at t = 12 h for (first line) the linear run without β in a cyclonic shear, (second line) the nonlinear run without β in a cyclonic
shear, (third line) the nonlinear run without β in an anticyclonic shear and (fourth line) the nonlinear run with β = 2β0 in an anticyclonic shear. First column:
perturbation relative vorticity in the lower layer ζ ′

l (thick solid black contours; interval 4 × 10−5 s−1 for positive values only) and upper layer ζ ′
u (thick dashed black

contours, same interval as in the lower layer); the shadings correspond to the lower-layer basic-state zonal wind (interval 5 m s−1 for values greater than 5 m s−1) and
the thin black contours to the temperature at the interface between the two layers (interval 4 K). Second column: EKE tendency (∂t + c · ∇) K ′ in the lower layer.
Third column: total pressure work −u′

a · ∇
′. Fourth column: sum of the advection and Reynolds stress terms −u′ · (u · ∇u)′ + c · ∇K ′. From second to fourth
columns, the contours and shadings are the same as in Figure 6. All the plots are centred on the lower-layer perturbation geopotential minimum represented by the
black cross.

the anticyclonic-shear run results from the compensation of two
antagonistic effects: one is the linear anticyclonic-shear effect,
which acts to redistribute EKE on the northwestern side of the
cyclone, and the other is the nonlinear effect, which acts to
redistribute EKE on the southwestern side. Note, finally, that,
similarly to the no-shear case, the nonlinear advection terms,
which are negligible at the beginning of the simulations, play an
important role in the EKE redistribution after a while.

5. Kinetic energy redistribution within cyclones crossing a
zonal jet

In the present section, EKE redistribution is investigated in the
case of a lower-layer cyclone crossing a meridionally confined
zonal jet from its anticyclonic to its cyclonic side. It corresponds
to almost the same numerical experiment shown and analyzed in

Gilet et al. (2009) and Rivière et al. (2013). The initial conditions
are the following. The basic-state flow consists of a meridionally
confined zonal jet centred in the middle of the domain (y = 0)
and having a Gaussian horizontal profile:

uu = uu0 exp

[
−

( y

d

)2
]

i,

ul = ul0 exp

[
−

( y

d

)2
]

i,

with d = 1300 km, uu0 = 50 m s−1 and ul0 = 25 m s−1. The
perturbation flow is composed of the same two zonally aligned
disturbances as in previous sections, but localized to the south of
the jet at a distance of 875 km. The parameter β is set to its typical
midlatitude value β = β0, as the present localized jet creates a
positive vertically averaged relative vorticity gradient.
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(a)

(e) (f) (g) (h)

(i) (j) (k) (l)

(m) (n) (o) (p)

(b) (c) (d)

Figure 9. EKE budget in the lower layer for the run in the presence of a meridionally confined jet. First column: perturbation relative vorticity in the lower layer ζ ′
l

(thick solid black contours, interval 4 × 10−5 s−1 for positive values only) and upper layer ζ ′
u (thick dashed black contours, same interval as in the lower layer); the

shadings correspond to the lower-layer basic-state zonal wind (interval 5 m s−1 for values greater than 5 m s−1) and the thin black contours to the temperature at the
interface between the two layers (interval 4 K). Second column: EKE tendency (∂t + c · ∇) K ′ in the lower layer; third column: total pressure work −u′

a · ∇
′; fourth
column: sum of the advection and Reynolds stress terms −u′ · (u · ∇u)′ + c · ∇K ′. The different times, from upper to lower panels, are t = 12, 24, 36 and 48 h. The
contour interval for the kinetic energy tendencies is 2 × 10−3 m2 s−3 from −2 × 10−3 m2 s−2 to 2 × 10−2 m2 s−3 for t ≤ 24 h and 3 × 10−3 m2 s−3 from −3 ×
10−3 m2 s−2 to 3 × 10−2 m2 s−3 for t ≥ 36 h; the negative and positive values are shown by dashed and solid contours respectively. From the second to the fourth
column, the shadings represent the lower-layer perturbation wind magnitude |u′| (interval 5 m s−1) and the grey horizontal line with double arrows the basic-state jet
axis. All the plots are centred on the lower-layer perturbation geopotential minimum represented by the black cross.

As shown in the left column of Figure 9, the two disturbances
move poleward, which can be explained through a generalized β-
drift mechanism in the presence of the positive vertically averaged
PV gradient (Gilet et al., 2009; Oruba et al., 2013). When the
lower-layer cyclone is still on the anticyclonic and warm-air side
of the jet, the two disturbances are southwest–northeast tilted
and the upper one mainly stays upstream of the lower one, as in
the anticyclonic shear cases of the previous section. The centre of
the lower-layer cyclone crosses the jet at t = 33 h and, once it is
on the cyclonic and cold-air side of the jet, the two disturbances
become isotropic and turn around each other.

The second column of Figure 9 presents the time evolution
of the lower-layer EKE. At t = 12 h, EKE increases almost

everywhere, as the EKE tendencies show only positive values.
At t = 24 and 36 h, EKE is decreasing on the western side and
increasing on the eastern side in such a way that the EKE maximum
on the immediate eastern side of the cyclone is almost twice the
EKE amplitudes reached on the western side of the cyclone at the
time of the jet crossing. However, once the cyclone has entirely
crossed the jet (t = 48 h), there is a rapid increase of EKE on the
southwestern side and some decrease on the eastern side. Note
that when the cyclone is on the anticyclonic side, the maximum
total wind speed is reached at the point of EKE maximum (i.e.
on the eastern side), whereas when it is on the cyclonic side the
maximum total wind speed is south of the cyclone in a region
where the two wind speeds, those of the basic flow and the
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 10. Pressure work budget in the lower layer for the run in presence
of a meridionally confined jet. Stretching conversion term −
′∂pω

′ (left) and
convergence of the total horizontal ageostrophic geopotential fluxes −∇ · (
′u′

a)
(right); the arrows represent the fluxes 
′u′

a. The different times, from upper to
lower panels, are t = 12, 24, 6 and 48 h. The same definition of contours and
shadings is used as in the right panels of Figure 9. All the plots are centred on the
lower-layer perturbation geopotential minimum represented by the black cross.

perturbation, are almost collinear. The latter property is closely
related to the EKE redistribution to the south of the cyclone in
a region of strong background westerlies. In other words, this is
the jet-crossing phase and subsequent EKE redistribution to the
south of the cyclone that form the lower-layer jet there.

Let us now analyze the kinetic energy budget more carefully.
At t = 12 h, the general EKE increase is due to the pressure work
term and baroclinic interaction (Figure 9(c)), while the sum of
the advection and Reynolds stress term (Figure 9(d)) is on average
slightly negative, because of the negative barotropic conversion
rate. At t = 24 h, the EKE decrease on the western side is due
to the pressure work (Figure 9(g)). The latter has a negative
tendency on the western side because the stretching conversion
rate (Figure 10(c)) and, in particular, the convergence of the
vertical ageostrophic fluxes (not shown) is strongly negative.
Indeed, the upward ageostrophic geopotential fluxes on the
western side of the cyclone become stronger closer to the jet
core because the strong positive basic-state relative vorticity
gradient there acts as β (see Appendix B). The relative vorticity
gradient intensifies the upward fluxes upstream and reduces

the downward fluxes downstream. It also reduces the westward
ageostrophic fluxes across the lower-layer cyclone in such a way
that their convergence does not compensate for the upward loss
of energy on the western side. Therefore, there is a net decrease
in EKE on the western side and an increase on the eastern side
when the cyclone lies on the anticyclonic side of the jet. The same
process tends to occur until t = 36 h. At t = 48 h, there is a drastic
change, with a rapid EKE redistribution on the southwestern side
of the cyclone and more importantly on the south side. This
creates a third EKE maximum; the first maximum is located
to the east but tends to decrease, another is to the north and
slightly increases while a third one is to the south and strongly
increases. The stronger increase to the south is directly related to
the global positive tendency of the pressure work in that region
(Figure 9(o)), while the exact EKE tendency should take into
account the rest of the terms (Figure 9(p)) and, in particular,
the nonlinear advection term, which tends to redistribute EKE
cyclonically and to displace the third EKE maximum more to
the south (Figure 11(l)). The nonlinear advection term (fourth
column in Figure 11) systematically presents dipolar anomalies
near each EKE maximum, which are oriented along the circulation
induced by the cyclone. On the other hand, the linear advection
term (third column in Figure 11) shows dipolar anomalies near
each EKE maximum, with negative values to the north and
positive values to the south of the maximum. This reflects the
main poleward motion of the lower-layer cyclone and the fact that
(c − u) · ∇K ′ � cy∂yK ′. Note that the barotropic conversion rate
(first column of Figure 11) plays a negligible role in EKE maxima
formation, it only tends to globally decrease EKE when the cyclone
is stretched on the anticyclonic side of the jet (Figure 11(a),(d)).
To conclude, the positive EKE tendency to the south is globally
explained by the convergence of the ageostrophic geopotential
fluxes (Figure 10(h)), while the nonlinear advection term has a
more local effect, which tends to displace cyclonically this deposit
of EKE organized by the ageostrophic geopotential fluxes.

6. Conclusion

The present article has investigated the EKE redistribution
within midlatitude cyclones using a two-layer quasi-geostrophic
model. The main objective was to understand better the
basic dry dynamics leading to the formation of low-level jets
inside extratropical surface cyclones. The numerical experiments
initially consisted of embedding localized synoptic-scale cyclones
in the lower and upper layer in various basic zonal flows in such
a way that the cyclones interact baroclinically with each other.
By increasing step by step the spatial complexity of the basic
flows and by performing both linear and nonlinear runs, we
have been able to identify the role of various parameters in EKE
redistribution in the lower layer. The main conclusions are the
following.

• In the presence of a positive vertical shear, the effect of the
planetary vorticity gradient β is to reduce the upstream
ageostrophic geopotential fluxes in the lower layer and
to intensify the downstream ageostrophic geopotential
fluxes in the upper layer, as already shown by Orlanski
and Chang (1993). The original aspect of our analysis is
to provide an approximated expression for the β-term
in the zonal ageostrophic wind. Additionally, we have
pointed out another effect of β : the upward and downward
ageostrophic geopotential fluxes are respectively increased
and reduced in the presence of β . The stronger outward
dispersion occurring at upper levels is thus compensated by
the upward redistribution of EKE. Because of this vertical
redistribution, when two isolated cyclonic anomalies
interact baroclinically with each other, the presence of
β may lead to a more rapid increase in EKE for the upper-
layer cyclone than for the lower-layer cyclone. We have
also underlined that the strong positive basic-flow relative
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(a)

(d)

(g)

(j) (k) (l)

(h) (i)

(e) (f)

(c)(b)

Figure 11. Energy budget of the sum of the advection and Reynolds stress terms for the run in the presence of a meridionally confined jet. Left column: the barotropic
conversion term −u′ · (u′ · ∇u); middle column: the linear advection term (c − u) · ∇K ′; right column: the nonlinear advection −u′ · ∇K ′. The different times, from
upper to lower panels, are t = 12, 24, 36 and 48ḣ. The same definition of the contours and shadings is used as in the right panels of Figure 9. All the plots are centred
on the lower-layer perturbation geopotential minimum represented by the black cross.

vorticity gradient near a midlatitude westerly jet axis acts
in a similar way on EKE redistribution.

• The effect of nonlinearities is to redistribute the lower-
layer EKE southwest of the cyclone centre. Because of the
northeast–southwest oriented dipole formed by ascending
and descending motions in the presence of nonlinearities,

the irrotational ageostrophic wind is northeastward-
oriented in the lower-layer cyclone core region, leading to
southwestward-oriented ageostrophic geopotential fluxes
there. Once an EKE maximum is well formed on the
southwestern side of the lower-layer cyclone, nonlinear
advection tends to rotate this EKE maximum cyclonically.
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However, the cyclonic motion of the EKE maximum is
partly prevented by the geopotential fluxes coming from
the rotational ageostrophic wind.

• Without β and without nonlinearities, the horizontal
ageostrophic geopotential fluxes are responsible for
the formation of EKE maxima to the southwest and
northwest of the cyclone in cyclonic- and anticyclonic-
shear environments, respectively. In that case, the effects
of the rotational and irrotational ageostrophic winds add
to each other.

• In the presence of nonlinearities, the effect of the cyclonic
shear is added to the nonlinear one, leading to a rapid
southwestward EKE redistribution in the early stages and
a further cyclonic redistribution later on. In such a case,
the rearward and cyclonically oriented ageostrophic fluxes,
together with nonlinear advection, shift the EKE maxima
cyclonically. In contrast, the effect of the anticyclonic
shear and the nonlinear one compensate each other. In
that case, the ageostrophic fluxes are mainly westward-
oriented and the sum of the pressure work and nonlinear
advection terms combines perfectly to maintain the EKE
increase at the same place upstream of the cyclone,
similarly to the linear no-shear case. The inclusion of
β in the nonlinear anticyclonic-shear case also leads to
a maintained EKE increase at the same place, but more
downstream.

• Finally, the simulation showing the crossing of a localized
jet by cyclonic anomalies condenses all the above effects.
At the early stages, the cyclonic anomalies move poleward
on the anticyclonic side of the jet, leading to EKE increase
and decrease downstream and upstream of the lower-layer
cyclone, respectively. In that case, it is not only the planetary
vorticity gradient that tends to shift the EKE maxima
downstream but also the positive background relative
vorticity gradient due to the presence of a localized westerly
jet. Just after the jet crossing and similarly to the nonlinear
cyclonic-shear case, EKE is rapidly redistributed rearward
and cyclonically by both the horizontal ageostrophic
geopotential fluxes and the nonlinear advection, leading
to the formation of a lower-layer jet to the south of the
cyclone.

Our results on the key role played by the horizontal
ageostrophic fluxes and nonlinear advection on the low-level jet
formation confirm those of Papritz and Schemm (2013) obtained
using a numerical weather prediction model on an f -plane and
without separating the flow into a mean flow and an eddy part. In
the present study, such a separation has been made to dissect the
distinct linear and nonlinear effects and to identify circumstances
under which they compensate or add to each other. It is only when
the cyclone is embedded in a cyclonically sheared background
flow that EKE accumulation occurs on its southern flank because
the effects of the cyclonic shear and nonlinearities add to each
other. The decomposition was also useful to explain the distinct
stages of EKE redistribution that occur when a low-tropospheric
cyclone crosses the jet from its warm- to its cold-air side. In an
upcoming article, we will analyze EKE redistribution within real
extratropical cyclones that have crossed the large-scale jet and
explain this redistribution in the light of the present idealized
results.

Appendix A: The eddy kinetic energy equation

Following Pedlosky (1987), the momentum equations in isobaric
coordinates under the QG approximation on a β-plane can be
expressed as

∂u

∂t
+ u · ∇u = −∇
a − f0k × ua + βy∇ψ

= −∇φa − f0k × ∇χ + βy∇ψ , (A1)

where u and ua = ∇χ − k × ∇ξ denote the geostrophic and
ageostrophic winds, respectively. The scalars 
a, χ and ψ
are the ageostrophic geopotential, the velocity potential and
the geostrophic stream function. Another scalar is introduced,
φa = 
a + f0ξ , which is the sum of the ageostrophic geopotential
and a scalar defining the rotational ageostrophic wind. The
ageostrophic scalars 
a and χ can be obtained from diagnostic
equations depending on the geostrophic flow only. φa is
obtained by taking the horizontal divergence of the momentum
equations:

∇2φa = 2J(u, v) + ∇ (
βy∇ψ

)
, (A2)

where J denotes the Jacobian operator. Note that only φa is
known from the previous equation. If one wants to introduce
an ageostrophic geopotential φa, it automatically determines the
rotational part of the ageostrophic wind as f0ξ = φa − 
a. The
vertical velocity ω and the velocity potential χ are obtained from
the so-called omega-equation (Holton, 2004):

s2∇2ω + f 2
0

∂2ω

∂p2
= −2∇ · Q + f0β

∂v

∂p
, (A3)

and continuity equation ∇2χ = ∂ω/∂p, the Q vector (Hoskins
et al., 1978) being defined as

Q = f0J(∇ψ , ∂pψ). (A4)

Let us now develop the perturbation momentum equations.
It can be easily shown that, since the basic flow is
zonal (u = u(y, p)i), the product between the basic-flow
quantities in Eq. (A3) does not produce any vertical velocity
and the momentum tendencies due to the sole basic-
flow quantities are zero. The momentum equation can
thus be reduced to the following perturbation momentum
equation:

∂u′

∂t
+ u′ · ∇u − u · ∇u′ − u′ · ∇u′

= −∇φ′
a − f0k × ∇χ ′ + βy∇ψ ′. (A5)

Multiplication by u′ leads to the following equation for the EKE
(K ′ ≡ 1

2 u′2):

∂

∂t
K ′ = − u′ · (u′ · ∇u) − u · ∇K ′ − u′ · ∇K ′

− (∇χ ′ − 1

f0
k × ∇φ′

a) · ∇
′, (A6)

where the equality u′ · (−∇φ′
a − f0k × ∇χ ′) = −(∇χ ′ − 1

f0
k ×

∇φ′
a) · ∇
′ has been used. The scalars φ′

a and χ ′ are obtained
from the following equations:

∇2φ′
a = 2(J(u, v′) + J(u′, v′)) + ∇(βy∇ψ ′) (A7)

and

s2∇2ω′ + f 2
0

∂2ω′

∂p2
= −2∇ · Q′ + f0β

∂v′

∂p
,

Q′ = f0

[
J(∇ψ , ∂pψ

′) + J(∇ψ ′, ∂pψ) + J(∇ψ ′, ∂pψ
′)
]

,

∇2χ ′ = ∂ω′

∂p
. (A8)

Whatever the choice of the ageostrophic geopotential 
′
a, the

energy budget is perfectly closed by the knowledge of φ′
a, i.e

the sum of the ageostrophic geopotential and the scalar f0ξ
′,

consistent with the recent findings of Cai and Huang (2013).
Throughout this article, without loss of generality but for
purposes of simplicity, we consider that 
′

a = 0 and φ′
a = f0ξ

′.
This leads to Eq. (4).
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Appendix B: Estimating the effects of the basic-state relative
vorticity gradient on the ageostrophic wind

By considering the linear case on the β-plane, i.e by setting to
zero the products between perturbation quantities, Eqs (10) and
(11) can be simplified as follows:

∇2φ̂′
ak = −2∂yuk∂xv′

k + βu′
k, k ∈ [u, l] (B1)

and

(∇2 − 2λ−2)(λ−1sω′
u−l) = −λ−2(uu − ul)∇2(v′

u + v′
l )

− λ−2
[
β − ∂2

y (uu + ul)
]

(v′
u − v′

l )

+ 2λ−2(∂yul∂yv′
u − ∂yuu∂yv′

l ). (B2)

As already pointed out by Rivière et al. (2013), the second term
on the rhs of Eq. (B2) shows that the basic-state vertically averaged
relative vorticity gradient −∂2

y (uu + ul) plays the same role as β

in the vertical velocity forcing. This creates a descending motion
component between the two disturbances, i.e. a net upward flux
of kinetic energy, which represents a sink of energy for the lower
layer (see the main text).

Let us now estimate the role of both β and the basic-state
relative vorticity gradient in the zonal ageostrophic wind. To
invert the Laplacian, we consider wavelike disturbances with
zonal and total wavenumbers m and K and basic-state fluctuations
smaller than eddy fluctuations. From Eq. (B1), one can deduce
that

1

f0
∂yφ

′
al = 1

f0
∂yφ̂

′
al +

β

f0
ψ ′

l − βy

f0
u′

l

�
(
β − 2∂2

y ul

) m2

f0K2
ψ ′

l +
(

2m2

f0K2
∂yul − βy

f0

)
u′

l.

(B3)

This shows that the lower-layer basic-flow relative vorticity
gradient −2∂2

y ul acts as β in the rotational ageostrophic wind
by adding a westward component close to the stream function
minimum. This has been already shown by Lim et al. (1991)
using a different approach (see their figure 7). Following the same
procedure to solve the omega equation (B2), one can show that

∂xχ
′
l � −m2λ−2

f0(K2 + 2λ−2)
(uu − ul)(ψ ′

u + ψ ′
l )

+ m2λ−2

f0K2(K2 + 2λ−2)
(β − ∂2

y (uu + ul))(ψ ′
u − ψ ′

l )

+ 2m2λ−2

f0K2(K2 + 2λ−2)
(u′

u∂yul + u′
l∂yuu). (B4)

The term involving β and the basic-state relative vorticity
gradients in the irrotational ageostrophic wind is mainly eastward-
oriented close to the ψ ′

l minimum and is opposite to the
westward-oriented rotational ageostrophic wind component they
create. Close to the ψ ′

l minimum, there are thus competing effects
between the rotational and irrotational components induced by
β and the basic-state relative vorticity gradients. We can simplify
the above equations near the middle of the domain y � 0,
where cyclonic anomalies reach their minimum stream function,
because the perturbation geostrophic zonal wind is zero there
and the last terms on the rhs of Eqs (B3) and (B4) are zero
too. Therefore, for y � 0 the zonal ageostrophic wind can be
approximated by

u′
al � −m2λ−2

f0(K2 + 2λ−2)
(uu − ul)(ψ ′

u + ψ ′
l )

+ m2

f0K2
[β − ∂2

y (uu + ul)]

(
K2 + λ−2

K2 + 2λ−2
ψ ′

l +
λ−2

K2 + 2λ−2
ψ ′

u

)

+ m2

f0K2
(∂2

y uu − ∂2
y ul)ψ

′
l . (B5)

When the basic-state relative-vorticity gradients are equal and
positive (−∂2

y uu = −∂2
y ul > 0), the previous equation shows

that an effective β is in play. Indeed, the gradients add to β in the
second term on the rhs of Eq. (B5) to induce a stronger westward
component to the ageostrophic wind. Therefore, the westward
rotational component dominates over the eastward irrotational
one close to the stream function minimum. When the basic-state
relative vorticity gradient in the lower layer is zero (−∂2

y uu > 0

and ∂2
y ul = 0), it does not produce any rotational ageostrophic

wind (Eq. (B3)) and it is the basic-state relative vorticity gradient
in the upper layer involved in the irrotational wind (Eq. (B4))
that creates an eastward-oriented component. However, in the
midlatitudes, with westerlies reaching the surface, the lower-layer
gradient is non-zero and it is more reasonable to consider that
its value is twice the upper-layer one (−∂2

y ul = − 1
2∂

2
y ul). In that

case, it can be shown by adding the last two terms on the rhs
of Eq. (B5) that the relative vorticity gradients create a westward
component in the ageostrophic wind similar to β . To conclude,
the presence of a midlatitude jet creates positive basic-state relative
vorticity gradients over the whole troposphere, which mainly act
as β in the ageostrophic zonal wind. This justifies the increased
value of β beyond its typical midlatitude value in section 3.
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