
Université Pierre et Marie Curie
Master de Sciences et Technologies

Spécialité Océan, Atmosphère, Climat et Observations Spatiales

Année 2010-2011
Cours Introduction à l'assimilation de données

et modélisation inverse en géophysique

De la modélisation à l'assimilation
de données

Olivier Talagrand
8 Novembre 2010





ECMWF, Technical Report 499, 2006 























December 2007: Satellite data volumes used:
around 18 millions per day
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Value as of March 2010 : 25 millions per day



 Observations synoptiques (observations au sol, radiosondages), effectuées
simultanément, par convention internationale, dans toutes les stations
météorologiques du globe (00:00, 06:00, 12:00, 18:00 TU)

 Observations asynoptiques (satellites, avions), effectuées plus ou moins
continûment dans le temps.

 Observations directes (température, pression, composantes du vent, humidité),
portant sur les variables utilisées pour décrire l’état de l’écoulement dans les
modèles numériques

 Observations indirectes (observations radiométriques, …), portant sur une
combinaison plus ou moins complexe (le plus souvent, une intégrale d’espace
unidimensionnelle) des variables utilisées pour décrire l’état de l’écoulement

y = H(x)

 H : opérateur d’observation (par exemple, équation de transfert radiatif)



S. Louvel, Doctoral Dissertation, 1999



Modèles numériques de prévision météorologique

Construits sur les lois physiques qui gouvernent l’évolution de
l’écoulement atmosphérique (conservation de la masse, de l’énergie
et de la quantité de mouvement), discrétisées de façon appropriée
dans l’espace et le temps.



Lois physiques régissant l’écoulement

 Conservation de la masse
Dρ/Dt + ρ divU  =  0

 Bilan d’énergie interne
De/Dt - (p/ρ2) Dρ/Dt =  Q

 Bilan de quantité de mouvement
DU/Dt + (1/ρ) gradp - g + 2 Ω ∧U =  F

 Equation d’état thermodynamique
 f(p, ρ, e) =  0 (p/ρ = rT, e = CvT pour un gaz parfait)

 Bilan de masse pour les composants secondaires (eau pour l’atmosphère, sel
pour l’océan, …)
Dq/Dt + q divU  = S



Vocabulaire du métier :

 Processus adiabatiques et inviscides, et donc
thermodynamiquement réversibles (tout sauf Q, F et S) ::
‘dynamique’

 Processus décrits par les termes Q, F et S : ‘physique’



Plusieurs hypothèses simplificatrices sont faites pour les besoins de la modélisation du climat

- Dans la direction verticale, approximation hydrostatique :

∂ p/∂ z + ρg =  0

Élimine l’équation du mouvement pour la direction verticale; en outre, l’écoulement est
incompressible dans les coordonnées (x, y, p) ⇒ nombre d’équations diminué de deux
unités.

Approximation hydrostatique valide dans l’atmosphère pour échelles horizontales > 20-
30 km

- Atmosphère et océan sont contenus dans une couche sphérique d’épaissseur
négligeable devant le rayon de la Terre

- …

⇒ Equations dites primitives

Modèles non-hydrostatiques, plus coûteux, sont utilisés pour la météorologie de petite
échelle.



Schéma de principe d’un modèle atmosphérique
(L. Fairhead /LMD-CNRS)



Grilles de modèles de Météo-France (La Météorologie)



Discrétisation spatiale
Deux grandes classes de discrétisation

- discrétisation en points de grille (peu de volumes finis,
en particulier pour l’atmosphère)

- discrétisation (semi-) spectrale, suivant les
harmoniques sphériques. Seules les opérations linéaires
relatives à la ‘dynamique’ sont effectuées dans l’espace
spectral, les opérations non-linéaires et les opérations relatives
à la ‘physique’ sont effectuées dans l’espace physique.
Nécessité de passer en permanence d’un espace à l’autre.
Possible grâce à l’utilisation des Transformées de Fourier
Rapides (FFT)





Centre Européen pour les Prévisions Météorologiques à
Moyen Terme (CEPMMT, Reading, GB)

(European Centre for Medium-range Weather Forecasts, ECMWF)

Depuis le 26 Janvier 2010

Troncature ‘triangulaire’ T1279 (résolution horizontale ≈ 16
kilomètres)

91 niveaux dans la direction verticale (0 - 80 km)

Dimension du vecteur d’état correspondant ≈ 1,5 109

Pas de discrétisation temporelle  :  10 minutes















Résultats extraits de

Richardson et al., 2009, Verification statistics and evaluations of
ECMWF forecasts in 2008-2009, Memorandum Technique 606
CEPMMT, Reading, GB.

Disponible à l’adresse
http://www.ecmwf.int/publications/library/ecpublications/_pdf/tm/601-

700/tm606.pdf







J.-F. Mahfouf



Simmons et Hollingsworth, 2002, Q. J. R. Meteorol. Soc., 128, 647-677





Problèmes restants

- Cycle de l’eau (évaporation, condensation, influence sur le
rayonnement absorbé ou émis par l’atmosphère)

- Échanges avec l’océan ou la surface continentale (chaleur,
eau, quantité de mouvement, …)
- …



Purpose of assimilation : reconstruct as accurately as possible the state of the
atmospheric or oceanic flow, using all available appropriate information. The
latter essentially consists of

 The observations proper, which vary in nature, resolution and accuracy, and
are distributed more or less regularly in space and time.

 The physical laws governing the evolution of the flow, available in practice in
the form of a discretized, and necessarily approximate, numerical model.

 ‘Asymptotic’ properties of the flow, such as, e. g., geostrophic balance of middle latitudes. Although
they basically are necessary consequences of the physical laws which govern the flow, these
properties can usefully be explicitly introduced in the assimilation process.



Both observations and ‘model’ are affected with some uncertainty ⇒ uncertainty on the estimate.

For some reason, uncertainty is conveniently described by probability distributions (don’t
know too well why, but it works).

Assimilation is a problem in bayesian estimation.

Determine the conditional probability distribution for the state of the system, knowing
everything we know (unambiguously defined if a prior probability distribution is defined; see Tarantola, 2005).



Assimilation is one of many ‘inverse problems’ encountered
in many fields of science and technology

• solid Earth geophysics

• plasma physics

• ‘nondestructive’ probing

• navigation (spacecraft, aircraft, ….)

• …

Solution most often (if not always) based on Bayesian, or
probabilistic, estimation. ‘Equations’ are fundamentally the
same.



Difficulties specific to assimilation of meteorological observations :

- Very large numerical dimensions (n ≈ 106-109 parameters to be
estimated, p ≈ 1-3.107 observations per 24-hour period). Difficulty
aggravated in Numerical Weather Prediction by the need for the forecast
to be ready in time.

- Non-trivial, actually chaotic, underlying dynamics



Coût des différentes composantes de la chaîne de prévision opérationnelle du CEPMMT (mars 2010, J.-N.
Thépaut) :

Analysis   Daily   Weekly
DA         44394   311325
DCDA       78306   536834
Total     122700   848159

Forcast    Daily   Weekly
DA         49673   347546
DCDA        4517    30788
Total      54190   378334

EPS        Daily   Weekly
   193028  1351576

Monthly    Daily   Weekly
                        N/A    46129

Hindcast   Daily   Weekly
                        N/A   256724



z1 = x + ζ1 density function p1(ζ) ∝ exp[ - (ζ2)/2s1]
z2 = x + ζ2  density function p2(ζ) ∝ exp[ - (ζ2)/2s2]

x = ξ   ⇔  ζ1 = z1-ξ  and ζ2 = z2 -ξ

	

 P(x = ξ | z1, z2) ∝  p1(z1-ξ) p2(z2 -ξ)
        ∝  exp[ - (ξ -xa)2/2pa]

where 1/pa = 1/s1 + 1/s2 , xa = pa (z1/s1
 + z2/s2)

Conditional probability distribution of x, given z1 and z2 :N [xa, pa]
pa < (s1, s2) independent of z1 and z2



z1 = x + ζ1
z2 = x + ζ2

Same as before, but ζ1 and ζ2 are now distributed according to exponential law with
parameter a, i. e.

p (ζ) ∝ exp[-|ζ |/a]   ;    Var(ζ) = 2a2

Conditional probability density function is now uniform over interval [z1, z2],
exponential with parameter a/2 outside that interval

E(x | z1, z2)  = (z1+z2)/2

Var(x | z1, z2) = a2 (2δ3/3 + δ2 + δ +1/2) / (1 + 2δ), with δ =  ⏐z1-z2⏐/(2a)
Increases from a2/2 to ∞ as δ increases from 0 to ∞. Can be larger than variance 2a2

of original errors (probability 0.08)

(Entropy -∫plnp always decreases in bayesian estimation)



Bayesian estimation

State vector x, belonging to state space S (dimS = n), to be estimated.

Data vector z, belonging to data space D (dimD = m), available.

 z = F(x, ζ)  (1)

where ζ is a random element representing the uncertainty on the data (or, more
precisely, on the link between the data and the unknown state vector).

For example

z = Γx + ζ



Bayesian estimation (continued)

Probability that x = ξ for given ξ ?

x = ξ    ⇒   z = F(ξ, ζ)

P(x = ξ | z) = P[z = F(ξ, ζ)] / ∫ξ’ P[z = F(ξ’, ζ)]

Unambiguously defined iff, for any ζ, there is at most one x such that (1) is
verified.

⇔   data contain information, either directly or indirectly, on any component of x.
Determinacy condition.



Bayesian estimation is however impossible in its general theoretical form
in meteorological or oceanographical practice because

• It is impossible to explicitly describe a probability distribution in a space
with dimension even as low as n ≈ 103, not to speak of the dimension  n ≈
106-9 of present Numerical Weather Prediction models.

• Probability distribution of errors on data very poorly known (model errors
in particular).



One has to restrict oneself to a much more modest goal. Two
approaches exist at present

 Obtain some ‘central’ estimate of the conditional probability
distribution (expectation, mode, …), plus some estimate of the
corresponding spread (standard deviations and a number of
correlations).

 Produce an ensemble of estimates which are meant to sample the
conditional probability distribution (dimension N ≈ O(10-100)).



Courtier and Talagrand, QJRMS, 1987



Courtier and Talagrand, QJRMS, 1987



500-hPa geopotential field as determined by : (left) operational assimilation system of
French Weather Service (3D, primitive equation) and (right) experimental variational
system (2D, vorticity equation)

Courtier and Talagrand, QJRMS, 1987



Random vector x = (x1, x2, …, xn)T = (xi) (e. g. pressure, temperature, abundance of given chemical
compound at n grid-points of a numerical model)

 Expectation E(x) ≡ [E(xi)] ;    centred vector    x’  ≡ x - E(x)

 Covariance  matrix

E(x’x’T) = [E(xi’xj’)]

dimension nxn, symmetric non-negative (strictly definite positive except if linear relationship holds between the
xi’‘ s with probability 1).

 Two random vectors
x = (x1, x2, …, xn)T

y = (y1, y2, …, yp)T

E(x’y’T) = E(xi’yj’)

        dimension nxp



Random function Φ(ξ) (field of pressure, temperature, abundance of given chemical compound, … ; ξ is now spatial
and/or temporal coordinate)

 Expectation E[Φ(ξ)]  ; Φ’(ξ) ≡ Φ(ξ) - E[Φ(ξ)]
 Variance      Var[ϕ(ξ)] = E{[ϕ’(ξ)]2}

 Covariance function

(ξ1, ξ2) →  CΦ(ξ1, ξ2)  ≡  E[Φ’(ξ1) Φ’(ξ2)]

 Correlation function

Corϕ(ξ1, ξ2)  ≡  E[Φ’(ξ1) Φ’(ξ2)] / {Var[Φ(ξ1)] Var[Φ(ξ2)]}1/2

	

    



After N. Gustafsson
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After N. Gustafsson



Optimal Interpolation

Random field Φ(ξ)
Observation network ξ1, ξ2, …, ξp
For one particular realization of the field, observations

yj = Φ(ξj) + εj   ,  j = 1, …, p        ,               making up vector y = (yj)

Estimate x = Φ(ξ) at given point ξ, in the form

 xa = α + Σj βj yj  = α + βTy , where β = (βj)

α and the βj’s being determined so as to minimize the expected quadratic estimation error
E[(x-xa)2]



Optimal Interpolation (continued 1)
Solution

 xa = E(x) + E(x’y’T) [E(y’y’T)]-1 [y - E(y)] 

i. e., β = [E(y’y’T)]-1 E(x’y’)
       α = E(x) - βTE(y)

Estimate is unbiased  E(x-xa) = 0

Minimized quadratic estimation error

E[(x-xa)2] = E(x’2) - E(x’y’T) [E(y’y’T)]-1 E(y’x’)

Estimation made in terms of deviations from expectations x’ and y’.



Optimal Interpolation (continued 2)

 xa = E(x) + E(x’y’T) [E(y’y’T)]-1 [y - E(y)]

 yj = Φ(ξj) + εj

E(yj’yk’) = E[Φ’(ξj) + εj’][Φ’(ξk) + εk’]

If observation errors εj are mutually uncorrelated, have common variance s, and are
uncorrelated with field Φ, then

 E(yj’yk’) = CΦ(ξj, ξk) + sδjk
and

  E(x’yj’) = CΦ(ξ, ξj)











Optimal Interpolation (continued 3)

 xa = E(x) + E(x’y’T) [E(y’y’T)]- 1 [y - E(y)]

Vector
µ = (µj) ≡ [E(y’y’T)]-1 [y - E(y)]

is independent of variable to be estimated

xa = E(x) + Σj µj  E(x’yj’) 

Φa(ξ) = E[Φ(ξ)] + Σj µj  E[Φ’(ξ) y j’]
          = E[Φ(ξ)] + Σj µj  CΦ(ξ, ξj)

Correction made on background expectation is a linear combination of the p functions

E[Φ’(ξ) yj’]. E[Φ’(ξ) yj’] [ = CΦ(ξ, ξj) ]

 considered as a function of estimation position ξ, is the representer associated with observation yj.



Optimal Interpolation (continued 4)

Univariate interpolation. Each physical field (e. g. temperature) determined from
observations of that field only.

Multivariate interpolation. Observations of different physical fields are used
simultaneously.  Requires specification of cross-covariances between various fields.

Cross-covariances between mass and velocity fields can simply be modelled on the
basis of geostrophic balance.

Cross-covariances between humidity and temperature (and other) fields still a problem.



After N. Gustafsson


