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  z1 = x + ζ1	

 density function 	

 p1(ζ) ∝ exp[ - (ζ2)/2s1]	


  z2 = x + ζ2	

  density function 	

p2(ζ) ∝ exp[ - (ζ2)/2s2] 	



	

 	

 	

 ζ1 and ζ2 mutually independent	



x = ξ   ⇔  ζ1 = z1-ξ  and ζ2 = z2 -ξ	



•  P(x = ξ | z1, z2) ∝  p1(z1-ξ) p2(z2 -ξ)	



	

 	

 	

         ∝  exp[ - (ξ -xa)2/2pa]  

where 1/pa = 1/s1 + 1/s2 , xa = pa (z1/s1
 + z2/s2)	



Conditional probability distribution of x, given z1 and z2 :N [xa, pa]	


pa < (s1, s2) independent of z1 and z2 	







 Conditional  expectation  xa  minimizes  following  scalar  objective 
function, defined on ξ-space	



	

 	

  ξ →   J(ξ) ≡  (1/2) [(z1 - ξ)2 / s1 + [(z2 - ξ)2 / s2 ] 

	

  In addition	



	

 	

  pa = 1/ J’’(ξ)  

 Conditional probability distribution in Gaussian case 

   P(x = ξ | z1, z2) ∝ exp[ - (ξ -xa)2/2pa]  

	

 	

 	

 	

 	

 J(ξ)  



 Estimate	



	

 	

 	

 xa = pa (z1/s1
 + z2/s2)	



	

 with error pa such that	



	

 	

 	

  1/pa = 1/s1 + 1/s2  	



 can be obtained, independently of any Gaussian hypothesis, as simply 
corresponding to the linear combination of z1 and z2  that minimizes the 
error Ε [(xa-x) 2]  

   Best Linear Unbiased Estimator (BLUE)  



  z1 = x + ζ1	

 	


  z2 = x + ζ2	

 	



	

 	

 Same as before, but ζ1 and ζ2 are now distributed according to exponential law 
	

 with parameter a, i. e.  	



	

 	

 	

 p (ζ) ∝ exp[-|ζ |/a]   ;    Var(ζ) = 2a2	



Conditional probability density function is now uniform over interval [z1, z2], 	


exponential with parameter a/2 outside that interval	



	

 E(x | z1, z2)  = (z1+z2)/2	



	

 Var(x | z1, z2) = a2 (2δ3/3 + δ2 + δ +1/2) / (1 + 2δ), with δ =  ⏐z1-z2⏐/(2a)	


	

 Increases from a2/2 to ∞ as δ increases from 0 to ∞. Can be larger than variance 2a2	



	

 of original errors (probability 0.08)	



	

 (Entropy -∫plnp always decreases in bayesian estimation)	





	

 Random  vector  x  =  (x1,  x2,  …,  xn)T  =  (xi)  (e.  g.  pressure,  temperature,  abundance  of 
given chemical compound at n grid-points of a numerical model)	



  Expectation E(x) ≡ [E(xi)] 	

 ;    centred vector    x’  ≡ x - E(x) 	



  Covariance  matrix 	



	

 	

 	

 	

 E(x’x’T) = [E(xi’xj’)]	

  	


	

 	


	

 dimension  nxn,  symmetric  non-negative  (strictly  definite  positive  except  if  linear 

relationship holds between the xi’‘s with probability 1).	



  Two random vectors	


	

 x = (x1, x2, …, xn)T	


	

 y = (y1, y2, …, yp)T	


	

 	

 	

 	



	

 	

 	

 	

 E(x’y’T) = E(xi’yj’)	

  	



	

         dimension nxp	



	

 	



	

 	





	

     Covariance  matrices will be denoted	



	

 	

 	

 	

 Cxx  ≡  E(x’x’T) 	



	

 	

 	

 	

 Cxy  ≡  E(x’y’T) 	

  	


	

 	


	

 	



	

 	



	

 	





	

 Random  function  Φ(ξ)  (field  of  pressure,  temperature,  abundance  of 
given  chemical  compound,  …  ;  ξ  is  now  spatial  and/or  temporal 
coordinate)	



  Expectation E[Φ(ξ)]  ; 	

 Φ’(ξ) ≡ Φ(ξ) - E[Φ(ξ)]	


  Variance      Var[Φ(ξ)] = E{[Φ’(ξ)]2}	



  Covariance function	



	

 	

 	

 (ξ1, ξ2) →  CΦ(ξ1, ξ2)  ≡  E[Φ’(ξ1) Φ’(ξ2)]	



  Correlation function	



	

 	

 	

 CorΦ(ξ1, ξ2)  ≡  E[Φ’(ξ1) Φ’(ξ2)] / {Var[Φ(ξ1)] Var[Φ(ξ2)]}1/2	


	

 	



	

 	





After N. Gustafsson 



After N. Gustafsson 



After N. Gustafsson 



Optimal Interpolation 
Random field Φ(ξ)	



Observation network ξ1, ξ2, …, ξp	



For one particular realization of the field, observations	



yj = Φ(ξj) + εj   ,  j = 1, …, p        ,	

                making up vector y = (yj)	



Estimate x = Φ(ξ) at given point ξ, in the form	



	

 	

 	

  xa = α + Σj βj yj  = α + βTy	

 , 	

 where β = (βj)	



α and the βj’s being determined so as to minimize the expected quadratic 
estimation error E[(x-xa)2]	





Optimal Interpolation (continued 1) 
Solution	


	

 	

 	

   xa = E(x) + E(x’y’T) [E(y’y’T)]-1 [y - E(y)]	


	

 	

 	

        = E(x) + Cxy [Cyy]-1 [y - E(y)] 	



	

 	

 i. e.,	

 βT = Cxy [Cyy]-1	


	

 	

        	

 α = E(x) - βTE(y)	



Estimate is unbiased 	

  E(x-xa) = 0	



Minimized quadratic estimation error	



	

 	

 	

  E[(x-xa)2] = E(x’2) - E[(x’a)2]) 	


	

 	

 	

                   = Cxx  - Cxy [Cyy]-1 Cyx	



Estimation made in terms of deviations x’ and y’ from expectations E(x) 
and E(y).	





Optimal Interpolation (continued 2) 
	

 	

 	

 	


	

 	

 	

  xa = E(x) + E(x’y’T) [E(y’y’T)]-1 [y - E(y)]	



	

 	

 	

  yj = Φ(ξj) + εj 	



E(yj’yk’) = E[Φ’(ξj) + εj’][Φ’(ξk) + εk’]	



	

 If  observation  errors  εj  are  mutually  uncorrelated,  have  common 
variance r, and are uncorrelated with field Φ, then	



	

 	

 	

  E(yj’yk’) = CΦ(ξj, ξk) + rδjk	


	

 and	


 	

 	

 	

  E(x’yj’) = CΦ(ξ, ξj) 	













Optimal Interpolation (continued 3) 
	

 	

 	

 	



	

 	

 	

  xa =  = E(x) + Cxy [Cyy]-1 [y - E(y)]	



	

 Vector	


	

 	

 	

 µ = (µj) ≡ [Cyy]-1 [y - E(y)]	



	

 is independent of variable to be estimated	



	

 	

 	

 xa = E(x) + Σj µj  E(x’yj’) 	



	

 	

 	

 Φa(ξ) = E[Φ(ξ)] + Σj µj  E[Φ’(ξ) yj’] 	


	

 	

 	

           = E[Φ(ξ)] + Σj µj  CΦ(ξ, ξj) 	



	

 Correction  made  on  background  expectation  is  a  linear  combination  of  the  p 
functions CΦ(ξ, ξj)  	



	

 CΦ(ξ,  ξj),  considered  as  a  function  of  estimation  position  ξ,  is  the  representer 
associated with observation yj.	



	

 	





Optimal Interpolation (continued 4) 

	

 Univariate  interpolation.  Each  physical  field  (e.  g.  temperature) 
determined from observations of that field only.	



	

 Multivariate  interpolation.  Observations  of  different  physical  fields 
are used simultaneously.  Requires specification of cross-covariances 
between various fields.	



	

 Cross-covariances  between  mass  and  velocity  fields  can  simply  be 
modelled on the basis of geostrophic balance.	



	

 Cross-covariances  between  humidity  and  temperature  (and  other) 
fields still a problem.	



	

 	





After N. Gustafsson 



After N. Gustafsson 



After A. Lorenc, MWR, 1981 



After A. Lorenc, MWR, 1981 



Optimal Interpolation (continued 5) 

Observation vector y	



Estimation of a scalar x	



	

 	

 	

  xa = E(x) + Cxy [Cyy]-1 [y - E(y)]	



	

 	

 	

  E[(x-xa)2] = E(x’2) - E[(x’a)2]) 	


	

 	

 	

 	

   = Cxx  - Cxy [Cyy]-1 Cyx	



Estimation of a vector x	



	

 	

 	

  xa = E(x) + Cxy [Cyy]-1 [y - E(y)] 	



	

 	

 	

  E[(x-xa) (x-xa)T] = E(x’x’T) - E(x’a x’aT) 	


	

 	

 	

 	

               = Cxx  - Cxy [Cyy]-1 Cyx	




