Chapter 2: Slow vortex dynamics.
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Equations of horizontal motion

vy - -
G4V Vit F2 ATy = =V,
f=1f(l+By), =P+ ¢=g(Ho+h)
h - geopotential (perturbation) height.

Scaling for vortex motions

v

Velocity v, = (u,v), u,v~U w~W << U

v

Unique horizontal spatial scale L,

v

Vertical scale H << L,

v

Time-scale : turn-over time T ~ L/U.

(1)
(2)

Geophysical
Fluid Dynamics 2

V Zeitlin - GFD

Scaling and
characteristic
parameters



Characteristic parameters Fluid Dynamis 2
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Intrinsic scale of the system : deformation (Rossby) radius :

SI::a"ngt al_'li_
arameters
VgHo :
Ra=— (3)
0
U

v

Rossby number : Ro = w0

R2
Burger number : Bu = L—g,

Characteristic non-linearity : A = AH/Hy, where AH is
the typical value of h,

v

v

v

Dimensionless gradient of f : 3 ~ AL



Non-dimensional equations of horizontal motion

PR AB
Ro (Osvh +v - Vvp) + (1 4+ By)z Avp = —R—Ouvhh, (4)

Geostrophic equilibrium

Equilibrium between the Coriolis force and the pressure force
— geostrophic wind :

5 Avg =—Vh (5)
Conditions of realisation :
» Ro— 0,
» )\ Bu ~ Ro,

>B—>0.
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Non-dimensional RSW equations

ABu

RO(&_LV—i-v-Vv)—i—(l-i-By)i/\v:_ﬁ

Vi,
Ao+ V- (v(l+ M) =0.

Regimes close to geostrophy : Ro = ¢ <« 1

» Quasi-geostrophic(QG) : weak non-linearity :
A~Ro,= Bu~1=L~Ry f~Ro
» Frontal geostrophic (FG) : strong non-linearity :

A~1,= Bu~Ro,= L>Ry, B~ Ro

(6)
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QG regime v s
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€(@v+v V) +(1+ey)2Av=—Vn,  (10)
681:77 + V- (V(l + 677)) =0. (]_]_) Scaling

QG regime
Rossby waves

Asymptotic expansions :

v=vO @4 20 4 (12) ook
Rossby waves

Baroclinic
instability
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Sl ol

characteristic

Order €° PR
3 . Geostrophic
Geostrophic wind : caquilibrium

0) — -0y, v = n = 8Xu(°)+8yv(0) =0, (13) Senine.
Rossby waves

ul

(0)
‘Z—t o= O+ 108, VOO =8+ T (). -l
(14) QG regime

Rerrlly wever

J(A, B) = 8,Ad, B — 0,A\B. (15) e

Scaling
QG regime
Ry weven

Baroclinic
instability
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d© 40
1 - _ o _,,0 1 © _ 0
u st yu'? v ! ¥ = (16)
0) |
A u® 4 8yv(1) = ——ddt V277 - v(o), = (17)
QG regime
d© -, 40 -,
G (1) —om =00 G (0= ) —?1-8)

With restored dimensions

d©) f02 gh Sy gh
T T e =) — (1 = 0.
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8en — V20 — J (1, V) — 0xn = 0. (19)

Physical meaning : conservation of PV.
Formal linearisation :

8t7] - 628{0 - axn = 0. (20) Rossby waves

Wave solutions 1 o exp/(Kt=wt) _ dispersion relation

k

YT TR R

(21)

Rossby waves - strongly dispersive ; anisotropic dispersion.
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Exercise Geophysical
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V Zeitlin - GFD

» Obtain the QG equation directly from the conservation
of PV,

» Calculate the phase and the group velocities of the e
Rossby waves and analyse them



RSW model with 2 layers with a rigid lid.

Equations of horizontal motion layerwise

1
OV + Vi Vv +f2Avi+ —Vm=0,i =12 (22)

pi

Conservation of mass layerwise

Oe(H; — (1)) + V- (vi(Hi = (=1)""'p)) = 0,i =

H;, i = 1,2 - non-perturbed thicknesses of the layers,
Hy + H, = H, n - position of the interface, po > ps.

Dynamical boundary condition at the interface

(p2 —p1)gn=m —m1 . (24)
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Conservation laws

Conservation of PV layerwise

G+f
i i=V 9 =07 i 2
(O +vi-V)qi =0, g Hi— (1) (25)
where (; = 2 - V A v; relative vorticity in the layer i.
Conservation of energy
i1 V? 172
E :/ dxdy Z pi(Hi — (=1)'F 77)?’ + (p2 —p1)g >
i=12
(26)

Here [ dxdy (p2 — pl)gg is available potential energy.
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» Typical horizontal velocity : U

» Typical horizontal scale : L

» Time-scale : T ~ L/U - turn-over time
> Pressure scale layerwise : P; ~ p;ULfy

» Typical vertical scale : H; D; = % - non-dimensional Scaling
unperturbed thicknesses, i =1, 2.
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v

Rossby number : Ro = f [ =€

v

Typical dimensionless deviation of the interface : A

Dimensionless gradient of the Coriolis parameter : 3

v

> Aspect ratio : d = z—;

v

Stratification parameter N = 202271

p2+p1
. 2 _ NgH
» Burger number : Bu = L2' R = sealing
Baroclinic deformation radius : R2 = ng where

/

g’ - reduced gravity g’ = gN.
Weak stratification limit (often used in the oceanic context)
N — 0, and disappears everywhere except g’.



Non-dimensional equations

dt

d .
—)\d—;nJr(Dl—)\n)le = 0

d =
Aﬁn—i— (Da+M)V-va = 0

ABu

2¢ T

N
7T2—7T1+5(7T2+7T1):

Here d
Sy P4
dt eV

d; A - :
e—Vvi+(1+pBy)z2Avi=—-Vm, i=12.

(28)

(29)

(30)

and the same notation is kept for non-dimensional variables.
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QG regime
A~vBregl, = L~Ry (31)

Asymptotic expansion in €

Equations of the horizontal motion are the same as in 1-layer
model =

wo= o [0 + T(mi ) + ] +

v, = vl(o) [Gtu + I (mi, ,(0)) —yvl-( )} +...(32)



Geostrophic wind layerwise

u® =—o,m, VO =8 i=1,2 (33)

1

Divergence of velocity
Same as in 1-layer model layerwise :

oud + o,y = — [aﬁ%r,- + T (i, V2m) + Oer | (34)

Geophysical
Fluid Dynamics 2

V Zeitlin - GFD

Scaling and
characteristic
parameters
Geostrophic
equilibrium

Scaling
QG regime
Rossby waves

Scaling
QG regime
Rossby waves

Baroclinic
instability

Scaling
QG regime
Rossbyjwaves

Baroclinic
instability



G hysical
2—|ayer QG model Fluidecl’)py::n:iacsz
V Zeitlin - GFD
Mass conservation equations layerwise

Oen+J (w1, m)—(—1) D; [8ﬁ2m + Ty, VPm) + axw} =0, i=12.
(35)
are rewritten as equations for the pressures in the layers <
2-layer quasi-geostrophic equations :
d9 r_, N )
iE[Vwrw—UD;n+yy:m,:1g. (36) e
where
d%
dt

() =0: () +d(m.), i=12  (37)

Standard limit : weak stratification : p» — p1 = n=m — 1



Baroclinic and barotropic components in the limit of
weak stratification

n

= mp — 1 - baroclinic; M = Dymy + Dymy - barotropic.

» 1 =0 - columnar motion, velocity the same in both
layers

» [1 =0 - sheared motion, velocity opposite in the layers
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Ot [Vzﬂ'l + Dfl(Trz — 7r1)] + Oy
O [VPm2 — Dyt (ma —m)] + 0em2 = 0 (38)

Solutions-waves : 7r; = A;e/(kx—wt),

Condition of solvability :

OJ(k2 + D]__l) + kX _le_l _ Rossby waves
det( L D) 4k, ) =0 B9



Dispersion relation

k
w = — x 2k?> + Dyt 4+ Dt
2k2(k2 + Dyt + Dy ) ( ! 2)
£ (Dy'+ Dy Y] (40)
» Barotropic mode : wp; = —%, the faster one.

K

—m, the SIOWGF
1 2

» Baroclinic mode : wpe =
one.
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Baroclinic instability

Phillips model
2-layer QG model, ﬁi;gi —0=>n=m—m1:
d” 2 in-1 :
" [Veri— (-1)'D;'n+y] =0, i=1,2. (41)

Background flow

Solution : U; = —=0,mj, i =1,2 U # U, - vertical shear =
Inclined interface : n = mp — m = (U — Up)y — available
potential energy.
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-Ymax
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mi=—Uy+ ¢i, o]l =

(9c + Uids) [V201 = (~1) D (92 — 6n))
+[1 = (=1)'D; H(Ur — Un)] Ok = 0. (42)

Wave solutions (Fourier transformation) :
@i _ Aiei(k»xfwt)_

Notation : ¢ = w/kx, Uy — U> = AU, F; = D7 .

Baroclinic
instability

Ai (e = U)K+ F1) + 1+ Fi(Ur — Uo)] — Ay(c — U))Fi = 0,
—Al(C — U2)F2 + A2 [(C — U2)(k2 =+ F2) +1— F2(U1 — U2)] =G (s
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Scaling and
_ U characteristic
cC = 2 parameters

1 Geostrophic

2,12 equilibrium
MR T Rt ) LAUK(KC +2F)

—k2(2k* 4+ F, + F>)) R
£ [(FL+ F)? + 2AUKY(FL — F)

Rossby waves

1 :
— K*(AU)? (4F1F — k4)} 2] 3G ragime

e
:aroclinic
instability

Sufficiently strong shear AU, sufficiently small |k| —

frequency (or ¢) has non-zero imaginary part — growth of Scaling.

the amplitude — instability. Roashy eaves

Baroclinic
instability
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Remark . V Zeitlin - GFD

Instability exists on the f- plane as well : interface slope =
gradient of PV due to the shear sufficient to make Rossby

waves propagate :

1
0Ty (A0 2R C2R)

+ [(AU)? (k* - 4R Fg)]% (43)

C =

EXGI’CiSG Baroclinic
instability
» Find the threshold for the instability in the case F; = F»,
» Find the wavelength corresponding to the maximal
growth rate.



PE, oceanic case

Characteristic scales

» Typical horizontal velocity : U

» Typical horizontal scale : L

» Time-scale : T ~ L/U -turn-over time
» Typical vertical scale : H

» Typical vertical velocity :W % ~ )\% - to confirm
aposteriori

> Presssure scale : pogH
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» Rossby number : Ro = FUL =€

» Typical dimensionless deviation of the isopycnal

surfaces : \

» Dimensionless gradient of the Coriolis parameter : /3

N — variable part of density
" constant part of density

» Stratification parameter :

2
» Burger number : Bu = %, where Ry baroclinic
deformation radius with reduced gravity g’ = Ng.

Pressure and density related via hydrostatics :

Scaling

p = po[l+N(ps(z) + Ao(x,y,z t))], =
P = pogH|[(1—z)+ N(ps(2z) + Ar(x,y,z; t))] (44)



Non-dimensional equations

d ~ -
cvht (14 By)z2 Avp = =V (45)
d /
aa—kpSW:O, o,m+0=0. (46)
Vh - Vh+ A,w = 0; (47)
where J
E = 8t+Vh Vh+)\W82 (48)

Boundary conditions - rigid lid/flat bottom, for simplicity :
wl,_o1 =0. (49)

__db

If bathymetry b(x, y) then w|,_, = .
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QG regime. Asymptotic expansion order by order

. w U
A~fBre<l, = LRy =X (50)

Order €°

@ =—g,7, vO =087 = 8.u0+9v® =0 = d,w=0.
(51)
Consistent with the choice of the scale W.

Thermal wind
Geostrophic + hydrostatic equilibria :

u=—0ym, v=20m, 0 =—0,m = 0,v=—0x0, O,u=+0,0

(52)
Horizontal density gradient <> vertical shear of the horizontal
wind. Atmosphere : 0 — —8.
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(0)
S 9

dt

0
— yu(o)’ V(l) = d(;t.)u(o) j— yv(O)’ :> (53) EE;;%E:E?;i:

d©) d©)
du® + 8yv(1) = —FV%TF — Oy = ~ar (V%?T + y) ,

L0

Geostrophic
equilibrium

Scaling

(54) QG regime

Rossby waves
0 . .

where % oo =0¢ -+ J(m,...) - horizontal advection by

geostrophic wind. Sl

QG regime
Rerrlly wever

Elimination of w Barelinie

instability

1 d0© 1 40

0 _ _ _
. Pi(z) dt © T pi(z) dt

8z7r (55) Scaling

QG regime
Rossby waves
Baroclinic
instability



Continuity equation :

d(O) 1 00
dt (V,ﬂr +y) + 82 @F@W

% (i) <o o

S

0=

Meaning : advection of quasi-geostrophic potential vorticity
by geostrophic wind.

Boundary conditions
Evolution equations (dynamics!)
4
W|z:071 =0= d—@ 2T =0. (57)
z=0,1
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Surface quasi-geostrophy Fluid Dynamis 2
Remark : On the f- plane and at constant stable V Zeitlin - GFD

stratification pf(z) = const < 0 the geostrophic PV becomes
a three-dimensional Laplacian of 7 after rescaling of the
vertical coordinate = any solution of the Laplace equation
gives a solution of the full problem provided the b.c. are
verified = dynamics is defined by evolution of density on the
boundary < surface quasi geostrophy (SQG).

Example : Solution of the 3D Laplace equation in the upper
half-plane decaying at z — oo :

(%2, t) = / dk #(k, t)elkxeIklz,

where x = (x, y), k = (k /) are horizontal radius- and
wave-vectors. Therefore

O-(szv t) - /dk |k| ﬁ'(k, t)eik'xe_“(‘z QG regime

Setting z = 0 and substituting to (57) produces the SQG
dynamics for 7 on the boundary.
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» Deduce (56) directly from the conservation of PV using
the QG scaling,

» Demonstrate that

o, (psz)d;z)aﬂ> _ d;:) (az <p;z)aﬂ)> (58)

» Obtain the SQG evolution equation for 7 (k, t) in Fourier
space (k, /).

QG regime



Baroclinic Rossby waves : continuous stratification

Formal linearisation

Ot [V%w -0, <$aﬂ)} + Oy =0,

Separation of variables

T(x,y,z;t) = p(x,y; t)S(z) =

0eV3p(x. i 1)S(2) — depl.y: ) [ 55 )]
Oxp(x,y; t)S(z)

0=
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Equations in z and in x, y,t :

>

I
=

5 e ® ) = (61)

0:V2p(x,y; t) — k20:p(x, y; t) + Oyp(x, y; t) = 0, (62)

K - separation constant
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Vertical modes
Sturm - Liouville problem :

1 / /_ /£2 ) = / 7 .
[p’s(z)5 (z)] 5(z)=0, 5 )‘z:O,l =0 (63)

Eigenfunctions Sp(z) and eigenvalues k,, n =10,1,2, ....

Example : linear stratification p; = —N?z
S"(z) + (Nk)?S(z) =0, S, ox cos(mnz), kn = %’ (64)
Horizontal motion
Wave solutions : p(x, y; t) oc ef(kx=wt) _
x Rossb
w= a2 ossby waves. (65)

n / (stronger vertical shear) = Cphase \u-
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QG with constant stratification N = const on the f-

plane
d(0) 1 d©)
o <a§7r + T+ N26§7r> =0, ——0,m =0 (66)
z=0,1

Thermal wind

Exact solution : vV = Up(z)X for any Up(z). We take Uy = z.
Linearisation : m = —Up(2)y + ¢(x,y, z; t), ||¢]| < 1 :

(0: + Un(2)0%) (8§¢ + 050 + ,jzaiczs) =0
[(at + UO(Z)ax) (_yaz UO(Z) + 82(25) - axqbaz UO(Z)”Z:O,I

= 0 Baroclinic
instability



Solution by separation of variables

Fourier modes
B.C. in y-direction : zonal channel -1 <y <1 =

Ox¢ly—41 = 0.

: 1
¢ = A(z) cos oy e Ot | = (n+ E)w, n=0,1,2,...
Equations and b.c. :

(2 - o) (A"(2) — 1PA(2) =0, 42 = (K + RN, (67)

cA(0)+ A0) =0, (c—1A(1)+A(1)=0. (68)
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Solution

Non-singular solutions < absence of critical layers z. :

c = Up(zc) = A'(2) — n?A(z) = 0.
General solution : A(z) = acosh puz + bsinh uz :

at+cub = 0,
a[(c — 1)usinh pu + cosh u]  +
b[(c —1)pcoshpp+sinhpy] = 0.
Dispersion relation :
th 1
C2—C+CO M—7—0:>
I [t
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Analysis of dispersion relation

Identity : coth z = 3(tanh § + coth &) :
1, 1r/p Y (1 IONE:
c=—-*— |:<§—C0th§> <§—tanh§>} . (72)

Vx tanh x < x = instability at
coths > & =y < pc = 2.4 = instability of long waves.

4
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RSW quations at small Rossby number with two  fuid Bynamics 2
time-scales V Zeitlin - GFD

Hypotheses :
» f- plane, infinite domain,

» Unique spatial scale L,

v

Small Rossby number ¢, regime QG : A ~ ¢,

v

Fast t ~ f; ' and slow t; ~ (efy) ™! time-scales

Non-dimensional equations :

(0t + €0y )v+e(v-Vv)+2Av+Vh=0, (73)
(0 + €dy))h+ (1 4+ eV -v+ev-Vh=0, (74)

c—h PV anomaly. (75)

0tQ +ev-VQ =0, Q:€1+eh




Geostrophic adjustment

Cauchy problem with localised initial conditions
ulyo=ur, vljeg=vi, hl,_g=hs. (76)
Multi-scale asymptotic expansions
v = vo(x,yt, tr,...) +evi(x,y; t t1,...) +... (77)

h = ho(x,y;t, t1,...) +ehm(x,y;t, t1,...) + ...,

Decomposition slow - fast order by order in € :

hi = i_7,~(x,y; t1,...) + E,-(x,y; t,t1,...), i=0,1,2,... (78)

1 T
Ayt = Jim 3 [ byt de o (79)
0

T—o
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Approximation € SN e

V Zeitlin - GFD

Ovo+2Avg=—Vhg, (80)
0:(Co — ho) =0, (81)

where (o = 2- V A vq - relative vorticity, and equation for PV
is used. I.C.. :

UO‘t:O:U/ ) V0|t:O:V/ 7h0|t:0:h/' (82)

Re-writing (80) in terms of relative vorticity ¢ and divergence
D=V-vg:

0tGo+ Do =0, (83)
0:Dy — Go = —V?ho . (84)

Immediate integration of (81) in fast time t :
Co — ho =To, (85)

where g is yet unknown function of x, y, t; (integration
"constant" ).



60 - next

Elimination of (5 and Dyp- linear inhomogeneous equation for
ho :

—W—ho—l-v hoZ I'Io(x,y; tl,tz,...). (86)

Solution : slow + fast :
ho = ho(x,y: t,...) + ho(x,y; t1,...) (87)
—%—E%—VZE =0; (88)
— /_70 + V2/_'Io =Ty (89)

Klein - Gordon (KG) and Helmholtz equations.

Mg : geostrophic PV constructed from the slow component
ho.
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Initialisation problem : How to separate the i.c. in slow/fast? i Dynamics 2

Response (unique at € — 0) V Zeitlin - GFD
» By definition :
Mo(x,y;0) = 0xvy — Oyuy — hy = Ty(x, y) (90)
» Determination of the initial value hg; of hg by inversion :
— hos + V?ho; =Ny, = hoy = —(V2 —1)7'N,. (91)
» Determination of the initial value hg; of hg :
hoi = h; — ho. (92)
» Second i.c. for by ( PV and ¢ - D) :

dho - —Dy = 0xup + 0y vy . (93)
t=



0

Approximation €” - continued

Analogous decomposition for v :
vo = Vo(x,y; t,...) + Vo(x, y; t1,...),
slow components verify the geostrophic relation :
Vo =2 A Vho
and the fast ones obey the equations
Do + 2 AVig = —Vho
with i.c. :

~(0)

ST (1) I
Uy’ =u—doy; vy =vi— WV,

(94)

(95)

(96)

(97)

where ig;, Yo/, hos verify (95). linearised PV Co — ho of the

fast component is identically zero.
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- continued Fluid Dynamics 2

V Zeitlin - GFD

Approximation €°

Fast component : solution for h :

Inertia-gravity waves propagating out of the initial

perturbation ; created by its non-balanced par U;O), \7,(0), ho; -

ho(xit) =Y / dk H§ ) (k)etexs20) - (gg)
+
where A
1 (s Dy(k
HE90) = 5 (ho,(k)i/ i )>, (99)
k

and the notation .. is used for the Fourier transformations of
the corresponding quantities.



Approximation e - end Geophysical

Fluid Dynamics 2

V Zeitlin - GFD

Résumé of the first approximation

» Slow and fast components are defined unambiguously

» Fast and slow motions are separated dynamically
(non-interacting)

» Fast part completely resolved : inertia-gravity waves
propagating out of the initial perturbation

» Evolution of the slow part is still to determine



1 Geophysical

Approximation € SN e

V Zeitlin - GFD

Momentum equations :
Oivi +ZAvi =—-Vhy — (atl +vp - V) Vo . (100)
Equation for PV in first order :

61» (Cl—hl)—no 6t/~10+ﬁ(0)axl‘lo+\7(°)8yl‘lo = —3t1|—|0—./(/_10, no) R
(101)
Integrability condition <+ averaging over t :

8t1 My + J(f_lo, no) = 8t1(V2/_70 — /_10) + J(/_70, Von) =0.
(102)
= QG equation. Arise from elimination of resonances in the
equation for fast component at order 1.



Numerical simulations of the geostrophic Fluid Dynamis 2
adjustement. Initial perturbation of h. V Zeitin - GFD

t=0.000
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Initiale stage of adjustement, h. Fluid Dynamics 2

V Zeitlin - GFD

t=1.650
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Advanced stage of adjustement, h. Fluid Dynamics 2

V Zeitlin - GFD

t=12.000




Initial stage

t=1.650

of adjustement, velocity.

20

15|

10F

10
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Geostrophic
equilibrium and
scaling.

Seefs

characteristic
parameters

Geostrophic
e i s

Slow dynamic :
RSW

Scaling

QG regime
Rossby waves

Slow dynamics :
2-layer RSW
Scaling

QG regime
Rossby waves

Baroclinic
instability

Slow dynamics :
PE
Scaling

QG regime
Rossby waves

Baroclinic

instability
Geostrophic
adjustment
Slow-fast
cenaration



Advanced stage of adjustement, velocity.

20

t=12.000

151

10

10
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Geostrophic
equilibrium and
scaling.
Scaling and
characteristic
parameters
Geostrophic
equilibrium

Slow dynamic :
RSW

Scaling

QG regime
Rossby waves

Slow dynamics :
2-layer RSW
Secaling

QG regime
Rossby waves

Baroclinic
instability

Slow dynamics :
PE

Scaling

QG regime
Rossby waves

Baroclinic

instability
Geostrophic
adjustment
Slow-fast
cenaration
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