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General properties of 1.5d RSW e
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RSW model in dimension
15

Equations of the model
"Dimension 1.5": no dependence on y:

Otu+ uoxu —fv+goxh = 0, (1)
atv + UaXV + fU — 0 , Double density fronts

Frontal configurations: localised distributions of
v(x), h(x) with common compact support in x of v, dxh.




Lagrangian invariants e

» Potential Vorticity: V Zeitin - GFDII

Q == (axv + f)/h, (2) RSW model in dimension

» Geostrophic momentum:
M=v+ fx (3)

(0 + ud)M =0, (8 + udx)Q = 0. (4)

Inertia - gravity waves

Linearisation with respect to the rest state H = const:
zero mode (slow motions) and inertia- gravity waves (fast
motions ) with standard dispersion relation:

w=+(Bk? + f2)2 | ¢y = \/gH. (5)
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Geostrophic equilibrium \ Zeitin - GFDI
exact solution of the equations of motion:

fv — gaxh’ u= 0 , (6) :??W model in dimension

Slow motions. Vorticity is entierely determined by the
perturbation of h and vice verse:

ga2
Qo) — <f+fhaxxh> ) (7)

Geostrophic adjustment

Adjustment — Relaxation towards equilibrium state.
Equilibrium < minimum of energy = necessity to
evacuate energy. The only energy sink in the absence of
dissipation: émission of inertia - gravity waves.



Equations of motion in Lagrangian
coordinates

Lagrangian coordinates

Trajectories of "fluid parcels" x — X(x, t), where x is a
position of the parcel at t = 0. X = u(X, t), notation:
X' = Bx

Momentum equations

X—fv+goxh = 0,
V+IX = 0,

where v is considered as a function of x and t.
Conservation of mass:

h(X,t)dX = h(x)dx, = h(X,t)= h(x)oxx.
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Reduction to a single equation

Integration of the equation for v:
vix,t)+ X(x,t) = M(x) .
Determination of M from b.c.:
M(x) = fx + vi(x).

Chain differentiation:

dxh = dx ((X)0xX) = h; (X') 2 = h(x)X" (X')~°

Closed equation for X:

X+ X+ ghy (x7) 2+ 9 > (x)” } — M.

, (12)

(13)
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Re-writing in terms of deviations of parcels from their
initial positions: X(x,t) = x + ¢(x, t): Lagargen s o

s al 1 ghi 1 L
o+f <z>+gh,<(1 +¢,)2>+2 <(1 +¢,)_2) = fv;. (14)

To be solved with b.c.:

¢(X7 0) =0, ¢(Xa 0) = U/(X),

where vy is the initial velocity in x direction.



Exercises:

» Demonstrate the equivalence of (9) with the standard
continuity equation in RSW,

» Linearise (14) and find solutions - inertia-gravity
waves,

» Demonstrate that geostrophic equilibria are exact
solutions of (14).
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Example of direct simulation with ot
MATHEMATICA of the 1.5d adjustment V Zeitin - GFDI

Initial configuration :

Lag
1.5 RSW

Geostrophic Adjustment
king.

hi(x) = 1+e ™, vi(x) = —2(x+0.25sin(x)) e **, uy(x) = 0.1 e"(2

Double density fronts
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Archetype model of breaking: "simple" wave by

V Zeitlin - GFDII

Non-dispersive one-dimensional wave with
advective non-linearity:

Us + euuy + uy = 0. (15)

Constant phase speed= 1, solution of the linearised
system: u(x,t) = U(x —t).

Changing the reference frame, introducing slow
time:

Ur + UUy =0 (16)
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Lagrangian description:

Mechanism of breaking.

U=X, = X=0,=X=U(x), = X(x,T) = x+Ux)t.
(17)
where U, - initial distribution of U.

Breaking:

VX1, Xo 1 Xo > X1, Uj(x2) < Uj(xq), (18)

intersection of Lagrangian trajectories = breaking.



1d quasi-linear systems Casp s

V Zeitlin - GFDII
Definition:
N — —
ovi(x, 0+ 3 Ay (V) o vi(x,t) = B (V) i=1,2,..N.
j=1
(19)
Eigenvectors and eigenvalues: D
Let 1@ - eft eigenvectors and £(@ - corresponding
eigenvalues, a=1,2,...:
& A=c@fa) - (20) | we—

. (9V+A0oxV) =19 (9V +@a, V). (@1)
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Characteristics:

ax

- =& (22)

Advection along a characteristic:

L dV _
_av _ (@)
V="r - (at+§ ax) V. (23)
fa.y=7a.p (24)

- ordinary differential equations (easy to integrate).
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Hyperbolic systems:
N real and different eigenvalues ¢(3).

Riemann invariants :
If (& = const (or integrating multiplier exists) - Riemann e
variables (invariants if B = 0):

fa) _fa). . d;(:) _Ja.B (25)

Shocks:
Intersection of characteristics < derivatives of Riemann
invariants become infinite in finite time.



Example: SW

Quasi - linear form of the SW equations:

u u 1 u
i(n) (o) lh)-e
Eigenvectors and eigenvalues:
= (xvh1), ¢=u+vVh
Riemann invariants:

ar o 9

+
rf=u+2vh, = =0 5=

= 9; + £ 0.
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(27)

(28)



Wave-breaking in SW Gacphy sl il
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Equation for derivatives of Riemann invariants:

DT = 8XI‘jE
dD* 3 1
o=+ WEEDT =0, €F = Zri +gM = (29)  iypotmoomons,
D* 1
R L L

Suppose one of the invariants is identically zero =
Riccatti equation along the characteristic for remaining D:

daD 3

— +

3
S M2 _(p-1 . 9p—1
o 4(D) =0, - D= (D, +4t) (31)

= singularity in finite time, if initial D is negative.



Exercises: e
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» Demonstrate that 1.5d RSW model in Lagrangian
variables is a hyperbolic quasi-linear system.

» Determine the characteristics and Riemann variables
for this system.

» Analyse the evolution of the derivatives of the
Riemann variables and conditions of breaking.



Example: adjustment of a "wind blow" e
(ROSSby’ 1936) V Zeitlin - GFDII

l.c.: jet out of equilibrium: h; = H = const, v; # 0.
Notation J = 0X/0x = H/h(X, t).
gdxh=8xP, P =gH/(2J%) — Lagrangian pressure
Lagrangian equations:
u—fv+0oxP=0, (32)

v+ fu=0, (33)
J— Ooxu = 0. (34)
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Equivalent to a single equation for J:

J+ f2J + 5P = fHQ. (35)

.1

= (Oxv(x. 1) + H(x, 1)) = % (Oxvi(x) + 1Ji(x)) .

Adjusted stationary solution:

2d + 92,P = fHQ (36)
- completely determined by Q
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High-resolution simulations of the Rossby by
adj ustment V Zeitlin - GFDII

Finite-volume code (calculating fluxes in each cell of the
grid).
Adjustment process




Initial and quasi- adjusted states

Viet
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Double density fronts Geoptysial Pl

V Zeitlin - GFDII

T 2 Double density fronts




RSW equations (no bathymetry) Geoptysical Fuid

Dynamics

V Zeitlin - GFDII
Equations of motion :

ur+ uuy + vuy — fv +ghy = 0,
Vi + uvx + v, +fu+gh, = 0,
ht + (hu), + (hv)y = 0. (37)

Double density fronts

Boundary conditions:

H(y)+h(X7y7t):O7 DiYo=v at y:Y07 (38)

where Yy(x, t) - position of the "free" streamline, D;
Lagrangian derivative .
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Classical example: balanced double front with parabolic
profile of A.
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B(1-(%?), X<t
= = 2 L)) =
h="H { 0. x> L
u=0 (39)
IH, =% x, x| <L
= = f X fL2 ’ -
V=V { 0, X > L

Double density fronts

2L



Instabilities (ageostrophic) of a double front  “Eenic™
Real and imaginary (growth rate) parts of the V Zeitlin - GFDII
perturbations of the parabolic front :

Double density fronts

g

Im(e) f_,- .\.

Li] 0.5 1 1.5 Z 23 3 35 4 4.5 3



Non-linear evolution of the principal instability
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RSW model in dimension
1.5

Lagrangian approach to
1.5d RSW

Geostrophic Adjustment
Mechanism of breaking

Hyperbolic systems.
Method of characteristics.

Double density fronts

PE model in 2.5 dimensions
Lagrangian approach in EP
2.5d

Geostrophic adjustment
and frontogenesis



Exercises: e
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» Demonstrate that (39) verifies equation (14),

» Consider solutions of (14) in a form (separation of
variables): ¢ = f(x){(t) and demonstrate that
oscillations of finite amplitude ("pulsons”) of the
parabolic front exist.

Double density fronts
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General properties of 2.5d PE P
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Equations of the model
"Dimension 2.5": no dependence of y:

Du
ﬁt - fV + ¢X - 0 3 (40)
Dv
ﬁ +fu = 0 , (41)
0
¢z = 99* ; (42)
r
UX + Wz = 0 5 (43) PE model in 2.5 dimensions
D6
D
= =0+ udy + wo, (45)

Dt



Lagrangian invariants
» Potential temperature 6,
» Potential vorticity:
Q = (Oxv + )0, — vzby,
» Geostrophic momentum

M=v+fx

D
(0 M. Q) =0,

Expression of Q in terms of M:

(46)

(47)

(48)
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PE model in 2.5 dimensions
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Inertia - gravity waves
Linearisation about state of rest with N = const: zero
mode (slow motions) and inertia- gravity waves (fast
motions ) with standard dispersion relation:

k2
=t

=

w = +(N? 2z, (50)

where wavenumber in (x, z) space is:

PE model in 2.5 dimensions

k = kX + m3. (51)



Thermal wind e

Stationary states V Zeitlin - GFDII
0
u=w=0, fv=ga¢, gef:gbz‘ (52)
r
Elimination of ¢, use of M:
oM g o0
oy = 9 9x (53)
= a " potential" ® may be introduced for equilibrium PE model n 2. dmensions
states:
oo
_ —19%
M=1"> " (54a)
®
g= 0% (54b)

T gz’



Equations of motion in Lagrangian SR
coordinates V Zeitlin - GFDII

Lagrangian coordinates

Trajectories of fluid "parcels"
(x, 2) = (X(x,2,1), Z(x,z,1)), where (x, Z) is a position
ofaparcelatt=0= (X,2Z) = (u(X,Z,t),w(X,Z,1)).

Incompressibility equation - conservation of volume:

(X, 2)
oz~ (55)

Lagrangian approach in EP
2.5d

Hydrostatic equation

a(Xa d)) _ 9/

920 = 50x.2) ~ 9%,
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Horizontal momentum equations v Zeitlin - GFDII

X—fv+dx¢p = 0,
v+fX = 0, (57)

Elimination of v:
Conservation of M and b. c.:

M(x) = v+ X = fx + vi(x). (58)

Lagrangian approach in EP
2.5d

Elimination of ¢ by cross-differentiation:

X, X—fv—FPx)  gob,2)
o2 oz 0 Y




Stationary adjusted states: e

V Zeitlin - GFDII

X, —fv,—2x) g a6, 2)

a(x, z) 6o O(x, 2) =0 (60)
X, 2) _
X2 1 (61)

These equations can be solved analytically for
configurations with constant PV, for example for a layer of
the fluid between a flat bottom (at z = 0) and a rigid lid (at
z=H=1),withb. c.:

Z(x,0)=0,Z(x,1) =1. (62)

Localised fronts/jets correspond to X|,_, . = X.



Example: zero PV Geoptysial Pl
Initial configuration: V Zeitin - GFDII

Gradient of potential temperature (density) 6 - purely
horizontal, no vertical shear in v:

01 =0,(x), vi=vi(x). (63)

Horizontal momentum equation:

oX 0Z g9,
—fvj+ )+ —Z1=0 4
where prime denotes differentiation with respect to x. e

Integration in z:

_ F(x)  99/6
fvl+f2  fv] =25

(65)



Using the incompressibility equation:

2 ( 9%/%0 )/_2 (fv,f f2>,Z+2(g(x)+z) o,

fv] + f2

(66)

where G(x) - another integration "constant” after

integration in z.

Applying b. c.

0,

1
45

99)/6o
fv] + f2

(67)
) =1+ %A’(X)(GS)
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Explicit form of stationary solutions: el

V Zeitlin - GFDII

1 9/6
Xe=x+Ax) (3-2) A= 21 (60
/

2
1+ %A’(x) — \/(1 + ;_A/(X)> —2zA'(X)

(70)
This mapping (x, z) — (Xs, Zs) can be singular = not
bijective, if 3(x,z) : %% =0.
Singularity appears at the boundaries =- criterion:
1+4 =0,0r

1

Z= 20

Geostrophic d] ustment
and frontogen

g (99/60\
feo<f+’v; =2, (1)



lllustrations: zero PV, localised anomaly of §  “jemc™
without initial jet v, = 0. V Zeitin - GFDII

Initial configuration

Profiles of 6, = tanh(x) (dashed), of A" (continuous), and
discontinuity thresholds A’ = +2 (dotted):

PE model in 2.5 dimensions

Isentropes in the adjusted state

Geostrophic adjustment

% \ and frontogenesis
1 1 2




Adjusted state e Dmamcs
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Isotachs of the velocity field

Velocity as a function of X on the vertical boundaries



lllustrations: zero PV, localised anomaly of #  *Bemes
with an initial jet v, = 0.55e~*".

Initial configuration

Profiles of 6, = tanh(x) (dashed) and of A’ (continuous),
and discontinuity thresholds A’ = +2 (dotted):

Isentropes in the adjusted state




Adjusted state e Dmamcs
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Isotachs of the velocity field

)

- o
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Double density fronts

Velocity as a function of X at the vertical boundaries
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Beyond the singularity:

Configuration with v; = 0, isentropes:
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Geostrophic adjustment
and frontogenesis
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EXG rCI SeS - Dynamics

V Zeitlin - GFDII

» Linearise the primitive equations (40) - (44) about a
stationary state v = V/(x) (barotropic jet ) with
constant stratification N2 = const. Decompose the
solutions in vertical modes (b.c.: flat bottom, rigid
lid), and demonstrate the existence of symmetric
inertial instability for sufficiently strong shears V’(x).
Analyse the instability at various vertical
wavenumbers.

» What is the necessary condition for existence of this
instability? What is a link between existence of the R R
instability and frontogenesis?
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