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Abstract

This paper continues the work started in Part I (Reznik, Zeitlin &
Ben Jelloul, 2001) and generalizes it to the case of stratified environment.
Geostrophic adjustment of localized disturbances is considered in the con-
text of the two-layer shallow water and continuously stratified primitive
equations in the vertically bounded and horizontally infinite domain on
the f - plane. Using the multiple time-scale perturbation expansions
in Rossby number Ro we show that stratification does not substantially
change the adjustment scenario established in Part I and any disturbance
of well-defined scale is split in a unique way into slow and fast components
with characteristic time-scales f; ' and (fo Ro)~" respectively, where fo
is the Coriolis parameter. As in Part I we distinguish two basic dynamical
regimes: quasi-geostrophic (QG) and frontal geostrophic (FG) with small
and large deviations of the isopycnal surfaces, respectively. We show that
dynamics of the FG regime in the two-layer model depends strongly on the
ratio of the layer depths. The difference between QG and FG scenarios of
adjustment is demonstrated. In the QG case the fast component of the
flow essentially does not "feel" the slow one and is rapidly dispersed leav-
ing the slow component to evolve according to the standard QG equation
(corrections to this equation are found and should be taken into account
for times ¢ 3> (fo Ro)™!). In the FG case the fast component is a packet of
inertial oscillations produced by the initial perturbation. The space-time
evolution of the envelope of inertial oscillations obeys a Schrédinger-type
modulation equation with coefficients depending of the slow component.
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In both QG and FG cases we show by direct computations that the fast
component does not produce any drag terms in the equations for the slow
component; the slow component remains close to the geostrophic bal-
ance. However, in the continuously stratified FG regime, as well as in
the two-layer one with the layers of comparable thickness, the splitting is
incomplete in the sense that the slow vortical component and the inertial
oscillations envelope evolve at the same time-scale.

1 Introduction

In the first part of this work (Reznik, Zeitlin & Ben Jelloul, 2001; hereafter
referred to as P1) we developed a theory of nonlinear geostrophic adjustment
of arbitrary localized finite-energy disturbances in the framework of the non-
dissipative rotating shallow water (RSW) dynamics. The only assumptions
made were the well-defined scale of the disturbance and the smallness of the
Rossby number Ro. The latter assumption allows to use the multi-time ex-
pansions for solving the initial-value problem. It was shown that velocity and
pressure fields are split in a unique way into slow and fast components with char-
acteristic time-scales f, ! and (fo Ro)™! respectively, where fo is the Coriolis
parameter. The slow component is not influenced by the fast one and remains
close to the geostrophic balance. The algorithm of initialization of the both
components follows by construction. The scenario of adjustment depends on
the characteristic scale and/or initial relative elevation of the free surface. For
small relative elevations the evolution of the slow motion is governed by the
well-known quasi-geostrophic (QG) dynamics on times ¢ < (fo Ro)~! and mod-
ifications to this dynamics on longer times ¢t < (fo Ro?)~! were found. The fast
component consists mainly of linear inertia-gravity waves rapidly propagating
outward of the initial disturbance. For large relative elevations the slow vortex
field is governed by the frontal geostrophic (FG) dynamics equation. In in this
case the fast component is a spatially localized packet of inertial oscillations
evolving on the background of the slow component of the flow. The envelope
of the packet obeys a Schrédinger-type equation with coefficients depending on
the yet slower vortex motion.

While the QG results corroborated the "standard wisdom" view of adjust-
ment, the FG ones showed a possibility of incomplete or delayed adjustment
due to inertial oscillations coexisting with the slow component of motion.

The question we address in the present paper is how stratification modifies
these results. The simplest way to introduce the stratification effects is to con-
sider the layered models. We, therefore, start our analysis with the standard
rotating two-layer shallow water model (which will be abbreviated as 2RSW
in what follows) with rigid lid and flat bottom boundary conditions. We thus
have the baroclinic interface displacement instead of the barotropic free surface
elevation.

As in the RSW case a slow-dynamics reduction of the model by implicit
filtering of the internal inertia-gravity waves (IGW) via exclusive use of the
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slow ("vortical") time-scale (fo Ro)™! is standard and widely applied (cf, eg,
Pedlosky, 1982, Gent & McWilliams, 1983a,b). Similarly to the RSW case, in
the two-layer (or, more generally, multi-layer) models the geostrophic balance
condition allows for different dynamical regimes depending on the value of the
Burger number and the ratio of the layer depths. The standard QG regime
corresponds to the small deviations of the isopycnals from their equilibrium
positions and to typical horizontal scales of the order of the Rossby deforma-
tion radius Rg. The frontal geostrophic (FG) regime corresponds to the large
deviations of the isopycnal surfaces under condition that the typical horizon-
tal scale of the flow largely exceeds the deformation radius. Historically, the
FG regime in the two-layer model was introduced, again by using exclusively
the slow time-scale, by Cushman-Roisin, Sutyrin & Tang (1992). Analogous
regimes in the two-layer ocean with a sloping bottom were analyzed by Swaters
(1993). In both works the upper layer was assumed to be much thinner than
the lower one; the corresponding model will be referred to as inhomogeneous
(FGI) in what follows. Later Benilov & Reznik (1996) have classified all possible
strongly-nonlinear regimes in a two-layer ocean of constant depth (some of these
regimes were studied independently by Stegner & Zeitlin (1996) in the context
of near-axisymmetric solitary vortices). A frontal regime with the depths of the
layers of the same order, which we call homogeneous (FGH) below was found.
A complete classification of the two-layer frontal regimes including the effects of
planetary sphericity and variable bottom topography was given by Karsten &
Swaters (1999). The same authors (Karsten & Swaters, 2000a,b) explored the
stability of various two-layer FG sub-regimes on the beta-plane.

In what follows we propose a full perturbative derivation of the slow dynam-
ics equations for the two-layer QG and FG cases, instead of the "filtered" deriva-
tion by imposing an ad hoc time-scale. We consider arbitrary non-balanced
initial disturbances of well-defined horizontal and vertical scales under a single
condition that the Rossby number (Ro = €, in what follows) is small, and an-
alyze the dynamics using multiple time-scale asymptotic expansions in e. We
show that, as in the RSW case, the above-mentioned QG and FG slow-dynamics
equations follow from the removal of resonances in the fast dynamics and, once
the resonances eliminated, the fast component can be completely quantified.
We calculate explicitly the Reynolds stresses due to the fast component and
demonstrate that they vanish at the first three orders of the perturbation the-
ory. Corrections to the standard QG dynamics for times much longer than
(fo Ro)™! are obtained. Our construction provides an algorithm for initializa-
tion of both fast and slow variables. In the FG regime, it turns out that the fast
component accompanies the slow one in the form of inertial oscillations. Some
recent experimental results may be explained by this incomplete adjustment in
the two-layer systems (Stegner, Bouruet-Aubertot & Pichon, 2001).

We then pass to the continuously stratified case in the same geometry (the N-
layer generalizations are straightforward). For simplicity we use the hydrostatic
primitive equations (HSPE). ! Here we again consider the standard QG regime

I Therefore, vertically propagating inertia waves are excluded and the model is of the
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(cf. Pedlosky, 1982) and the FG regime, whose slow-dynamics version for the
continuous stratification was introduced by Benilov (1993) and turns out to be
a generalization of the FGH regime in 2RSW. We do not include the analysis of
intermediate between QG and FG regimes (Romanova & Zeitlin, 1984; Stegner
& Zeitlin, 1999) in the present paper; it may be done along the same lines as in
P1 for RSW.

The method of multiple-scale expansions in Rossby number allows us to
prove asymptotic validity of the above-mentioned balanced models, to find cor-
rections to these models for longer times and to specify the adjustment sce-
narios. A key element of our approach is the initial-value problem setting and
the radiation boundary conditions for waves which allows to avoid most of the
resonances appearing in the (triple-) periodic box geometry. The absence of the
fast-motion drag in the slow equations is proved and the modulation equation
for the inertial oscillations in the FG regime is obtained.

It should be noted that, as in P1, below we limit ourselves by the vortex-like
initial perturbations having a single horizontal scale. The calculations here are
strongly related to those made in P1 and, therefore, are presented in less detail.
We do not give here either the classical references on geostrophic adjustment
which may be found in P1. The same notation as in P1 is kept whenever
possible.

The paper is organized as follows. In Section 2 we present analysis of the
2RSW model, in the QG (Subsection 2.2) and the FG (Subsection 2.3) regimes.
Section 3 contains the analysis of the continuously stratified case in the frame-
work of the HSPE with QG being treated in Subsection 3.2 and FG in Subsection
3.3. Finally, discussion and comparison with the existing in literature results
are presented in Section 4. The paper being rather technical, we start the corre-
sponding (sub)sections by describing the dynamical regimes and by stating the
main results of our analysis for them. Thus, the readers who are not interested
in proofs can move directly forward and skip the calculation details presented
afterward.

2 Geostrophic adjustment in the two-layer shal-
low water model on the f- plane

2.1 Preliminaries

We consider a non-dissipative fluid on the f-plane contained between a rigid
lid (at z = 0) and a rigid bottom (at z = —H; the topographic effects may be
easily introduced). The unperturbed depths of the upper and lower layers are
H; and Hs, respectively; Hy + Hy = H.

The equations of motion for two-layer rotating shallow-water system (2RSW)

shallow-water type.
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are the horizontal momentum equations:
1
8tvi+vi-Vvi+fi/\vi+p—Vﬂ'iZO,izl,Q; (2.1)
i

(no summation over ¢; the combination 7+ 1 is understood modulo 2 everywhere
below) and the mass conservation equations in each layer:

6t(er - (—1)i+177) +V- (vz(Hz - (—1)i+177)) = 077’ = ]-7 27 (2'2)

where f is the Coriolis parameter which is equal to fj in the f - plane approxima-
tion (to be adopted below unless otherwise stated), v; = (u;(z,y,t),v;(z,y,t))
are the two-dimensional velocity fields in each of the two layers, p; are the den-
sities of the layers, n is the vertical displacement of the interface, 7; are defined
with the help of the full pressure fields P; in each layer:

Pi = —pigz+ (1 — 1)(p1 — p2)gH1 + 73 , (2.3)

g is the acceleration due to gravity (g becomes the reduced gravity g’ below).
Here and below 0%, denotes the n'® partial derivative with respect to a, b, c, ...,
V = (0z,0y) in this section and z is the vertical unit vector.

The potential vorticity (PV) conservation equations in each layer readily

follow:

G+ f
H; = (-7’
where (; = Z -V A v; is the relative vorticity in each layer. From the dynamical
boundary condition on the interface

(6t +v;- V) II; =0, II; = (2.4)

Py =Py, (2.5)

=—Hi+n

it follows that
(p2 — p1)gn = T2 —m1 . (2.6)

The vertical velocity should vanish at the top and bottom.

The following parameters: N = 222201 d = g—; ,g' =gN ,H = Igl_gjz ,p=

1(p1 + p2) will be used below for compactness.

2.2 QG regime
2.2.1 Definitions

Supposing in this Subsection that d = O(1) we introduce the following QG - scal-
ing: horizontal velocity scale U, horizontal spatial scale L ~ Rg = \/g'H/ fo,
where Rp is the baroclinic Rossby deformation radius, pressure scale is P =
pfoUL and the scale of the interface variations n* = eH. Time-scale is f, 1
Introducing the (order one) parameters h; = %, i = 1,2 we rewrite the
horizontal momentum and mass conservation equations in the following non-
dimensional form:

6tvz-+ev,--sz-+i/‘\vi+V7rz- :0, 1= 1,2; (27)
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Ol — (=1)*ehip1n) + V- (L — (=) ehiyin)vi) =0, i =1,2. (2.8)

Here in order to simplify the formulae we put ourselves in the oceanographic
context and suppose that the densities of the layers are close to each other
(and to the mean density). The corresponding density ratios may be easily
restored otherwise in front of the pressure gradient terms here and below. The
non-dimensional PV’s are

€G+1

I, = ___ ,
f 1= (=) h e

(2.9)

where (; here and below denote the relative vorticities §; = 0,v; — Oyui; v; =
(ui,v;). The non-dimensional version of (2.6) is

Ty — L =1. (2.10)
Below we use the following perturbative expansions of the PV’s:
Im; =1+ eﬂgl) + €2H§2) + O(€®) (2.11)
with
Y = (O +(=1)  hiamo, T = (=1 Rigan®+(=1) i@ m.

(2.12)
The perturbative expansions for velocity and interface displacement fields are

vi = v@uyitt )+ vyt bty ) o (213)
n = U(O)(xayﬂ:tl:t%---)+€77(1)(37:y9t7t1>t27---)+---
where t1, t, ... scale as (efg) ™" €2 fot, ..., and each dynamical variable in each

order may be uniquely split into the slow (denoted below by over-bar) and fast
(denoted by tilde) part defined, correspondingly, as the average over the fast
time ¢ and the fluctuation around it. In what follows we are looking for a
perturbative solution of the Cauchy problem with initial conditions

Vit =0) = vi,, n(t="0)=n (2.14)

for the system (2.1), (2.2) under the QG scaling. The subscript I denotes initial
values here and below.

2.2.2 The main results

Each field is represented as a sum of slow and fast components. For example,
the velocity field is

00
Vi = Z €n‘_’z(n) (55,11; i1, ta, ) + Z Gnvgn) (IE, Y;t ta, to, )a (215)
n=0
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and the same for m;,n. The representation (2.15) is unique since the fast com-
o(n)

ponents V; * are defined to have zero mean over the fast time ¢:
<¥{" >= lim —/ dt v\ = (2.16)
T—oo T

In the analysis presented below we demonstrate (up to the third order in €)
that the slow and the fast components obey their own evolution equations with
uniquely defined initial conditions. The initialization procedure for each com-
ponent is given order by order in €. The slow component is described (up to
order € terms) by the pair of coupled equations for the pressure and the interface

displacement variables 7; = 7‘r§0) + efrgl), 7 =79 +eq(V:

D; itly - itlp - itly =

D, (V27 + (1) hia g + €(=1) " i (V27 + (=) hip)  (2.17)
— eV -V (V277'i + (—1)i+1}_ti+1ﬁ) —2eJ (6$7_Ti,6y7_i'i):| = 0,

where

D;
Dty

()=0, ()+J (m - G(W”)Z) , ) L i=1,2 (2.18)

and T 9 — M = ﬁ
The fast component is the inertia-gravity wave packet formed by the initial
conditions and described by the wave equation for 7 = (%) + efj(!)
2 ~

d
—6—;27 — i+ Vi = eR(z,y;t, 11, ...) (2.19)

with the known r.h.s. produced by the nonlinear interaction of the lowest-order
fast field with itself and with the slow component(see (2.58) below). The key
point is that R does not contain resonant terms and has zero mean in the sense
of (2.16) and, therefore, the field 7j and all other fast fields consists of IGW
propagating outward of the localized initial perturbation and decays in time at
any given spatial location. Namely due to this fact the fast-component drag
upon the slow fields is absent.

When e = 0 equations (2.17), (2.18) are reduced to the standard QG system
for the 2-layer model describing the QG motion on times of the order of (efy)~!
Equation (2.17) is applicable on much longer times of the order (efo) 2, this is
why we call it improved quasigeostrophic potential vorticity (IQGPV) equation.

2.2.3 Calculations in the lowest-order approximation

Equations (2.7) and (2.4), (2.9) (2.11) give:

v +2Av? = —vr®  omM =0. (2.20)
The corresponding initial conditions are?
vl =u, @ =g (2.21)
=0 =0

2here and below it is supposed that initial data have no dependence on €
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Hence,
¢+ (1) hian©® =1 (@, 551, ). (2.22)

It is convenient to introduce the barotropic and the baroclinic components of
velocity in each order « of the perturbation theory:

vl()?) Blvga) + l_zgvéa)
vi® = VP oy e =012, (2.23)
In the lowest order we have:
avY + 3 Av = vn© (2.24)
v +aAvY = VPO, (2.25)
where P(® denotes the barotropic pressure component
P(a) = i_llﬂéa) -+ Bzﬂéa). (2.26)

Accordingly, we obtain from (2.22)

GO +n@ = m —mf, (2.27)
IES) = Blﬂgl) + Bzﬂgl),
where
@z vavi®, (@ =z.VvAviY a=0,1,2,.. (2.28)

As follows from the second equation in (2.20) and the second equation in (2.27),
the barotropic relative vorticity is slow (¢ - independent). By rewriting (2.25)
in the form of vorticity and divergence equations we see that the barotropic
velocity field is divergenceless and slow:

v = ¢l — 3 A VPO, (2.29)

v2PO = py1) + RomY. (2.30)

The baroclinic component is split into fast and slow components denoted as
usual by tilde and over-bar, respectively:

viO = 0450 (2.31)
0@ = 70 45O
with
99 = —z A Vi, (2.32)
V2T_](0) _ 77(0) - _ (Hgl) _ Hgl)) (233)
and

8\ +a A vY = i@, (2.34)
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G0 + 7@ = 0. (2.35)

In order to get the initial conditions for both components consider (2.33) at
t =0 and (2.22):

~i” + V2 = — (G, — Gy 1) - (2.36)

This allows to find 77}0) and, hence, the initial conditions for the slow baroclinic
component via

w9 = _zava?. (2.37)

bCI

Initial conditions for the fast baroclinic component readily follow

‘71(;2) =Vir —Var — ‘752, ﬁfro) =nr— T‘)}O)- (2.38)

The system (2.34), (2.35) is equivalent to a single Klein - Gordon equation for
ﬁ(O);
?7(©®)

~E -0+ v =0 (2.39)

with initial conditions

i0| =i ai®|  =V-vg). (2.40)
These initial conditions allow to determine 7(®) from (2.39); if the initial condi-
tions are localized the fast field decays as % at t — oo at a fixed spatial point
(we do not repeat here the details of the calculations which follow those of P1,
with obvious changes of notation).

Thus, as in the RSW case, in the zeroth order of the perturbation theory
the motion is split into the fast and the slow components defined in a unique
way starting from arbitrary initial conditions. Note that the procedure imposes
no d priori limitations on the relative initial values of the fast and the slow
components. The fast part of the flow is completely resolved while the slow
part remains undetermined. Its evolution equation follows from the condition
of absence of secular growth of the next order solution.

2.2.4 Calculations in the first-order approximation

The horizontal momentum equations give at this order

v +aavi) = —val) 4 RO i=1,2, (2.41)
where we define
RO = (RO, RO) = - (8, +v{¥ - v) v{*. (2.42)

The first-order PV equations are

8, 48, Y + v .y =0, i=1,2 (2.43)



Zeitlin, Reznik & Ben Jelloul — Nonlinear geostrophic adjustment IT 10

and (cf. 2.10)
) —al = 5, (2.44)

A consistency condition for having bounded in the fast time solutions of (2.43)
is obtained by applying the fast-time averaging to (2.43) and gives the standard
quasigeostrophic PV (QGPV) equations

(atl +9 -v) n =0, i=1,2 (2.45)
which may be rewritten in the form
8, I + (7%, 1Y) =0, (2.46)
(J, as usual, denotes the Jacobian) using the fact that

O = (1) R 90 + 90 = A vz, (2.47)

2

Recalling that
" = v27% 4 (=1)"* higy 7 (2.48)

we see that (2.46), (2.48) reproduce the standard QG equations in the two-layer
model (cf. Pedlosky, 1982).
The first correction to the PV-fields obeys, thus, the following equation

a0 +3© . vnY =0, i=1,2 (2.49)
and using the fact that
O = (1) R v (2.50)
and (2.34) we get, by integrating (2.49) in ¢ :
n® = a®4+a® = (2.51)
s [0 < o 5, I8 - 20,0 4 20,10 1D
where

t
Ho = / 7O (t") dt’ (2.52)
0

and the angle brackets denote the fast-time averaging. Here and below, by
introducing Ho and < Ho > we follow literally P1.

In order to get an equation for ) we introduce the baroclinic and barotropic
components of the order-one velocity field (cf. (2.23)) with the baroclinic one,

vl(,i), obeying the following equation:
aviy +anve) =V + RO L RO =RO -RO.  (2.53)

The equation for the baroclinic relative vorticity follows from (2.51) and the
second equation in (2.12) (cf. (3.33) in P1)

G+ =1 - - RY, (2.54)
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RO = RN — T (o= < Ho >, RY)) +2- (¥ AVRY)  (255)

and _ B
R (z,y3t1,...) = hoTI{) + By TIY. (2.56)
Splitting the first-order baroclinic velocity into slow and fast parts, where the

latter obeys the fast part of the equations (2.53), and taking the fast part of
(2.54) we get:

G0+ = RGO + T (Ho— < Flo >,RE)) 2+ (v} AVR()) = -RE.
(2.57)

From this equation and equations of motion (2.53) taken for the fast component
we obtain the equation for the first-order fast interface displacement:

27(1) 2RO L
—% — M + v = _T; ~-RO -D+8,2 (2.58)
where y y y
Z=9,R? - 9,R (2.59)
D=08,RY +9,RY. (2.60)

The r.h.s. of (2.58) is, thus, a known function of \”/,()2),77(0) which are, in turn,
known from the previous approximation.
The slow baroclinic velocity equations have the form:

v =z A (Vﬁ(l) + ﬁvbc) . (2.61)
The slow part of the baroclinic relative vorticity equation (2.54) is
G+ = R + I - 1. (2:62)
It follows from (2.61) that
G =2 (VAv)) ==V - V- Ry, (2.63)
and from this equation and (2.62) one gets:
—) + v = D@ P 4 1P — v - R,,.. (2.64)
(1

Considering this equation at ¢t = 0, recalling that v; ) and M are zero at the

initial moment and using (2.54), (2.55) we obtain

92 = [V Ru,, — AORE = T (< Ho >, REY) + (e, 0 RE) — 0, 0,RE) ||

(2.65)

t=0
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=(1)

The r.h.s. of this equation is known. Therefore, (2.65) determines 7; ' and,

hence, n( ) uniquely (if decaying at infinity boundary conditions are imposed)
as n}l) ﬁgl). The second initial condition for the equation (2.58) follows
from (2.53) and (2.54):
V| == 2l - 0RY| _, (2.66)
where
Z=0,RY —9,RY. (2.67)

The r.h.s of (2.66) may be expressed in terms of initial fields (cf. (2.59)) by
using, where necessary, the evolution equation for the slow component. Thus,
for 7j(1) we get a linear initial-value problem with a source term (cf. (2.58). The
analysis showing that the source term is non-resonant is the same as in P1 and
is not repeated here.

The first correction to the barotropic component may be easily determined,
too. We write the evolution equation for the barotropic velocity field at this
order:

i) +aAvi) = —vpPW £ RO

bt ?

R = RO +hRY (2.68)
and get the barotropic relative vorticity using (2.12), (2.51):

G = RO +RoIl + b [—n(O)R(1)+ (2.69)
J(Ho— < Ho >, RY) + ( (0) /\VR‘”)] ,
(2.70)
where we defined
Ry =) — ). (2.71)

The fast part of C,S; ) is:

i) = ks [=7ORE + J(Ho— < Ho >, ~TY) +2- (Vi) AVRY)].
(2.72)
Taking curl and divergence of the fast part of the equations (2.68) we get

B =v-v9 = —,iM +8,RO - 9,RY, (2.73)
v2PM = —4,D{) + ) +8,RO +6,R©). (2.74)

The last equation, together with (2.72) and (2.73), allows to determine, by in-
version, the fast correction to the barotropic pressure and, via the fast part of
the equations (2.68), the fast barotropic velocity field at this order. Together,
the fast barotropic and the fast baroclinic velocity fields allow to determine com-
pletely the fast velocity field in the model at the first order in Rossby number.
The slow components evolve according to the standard QG equations (2.46),
(2.48) at this order. It should be noticed that a fast correction to the slow
zeroth-order barotropic fields appear at this order and that initial conditions at
this order mix the lowest order fast and slow initial fields.
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2.2.5 Calculations in the second-order approximation

We limit ourselves at this order by calculating corrections to the slow geostrophic
dynamics leaving apart the fast wave field. The PV equation (2.4) gives

A + 8, + 8, MY 4+ v¥ . vn® vV . v =0, i =1,2. (2.75)
Taking the time-average of this equation we get:

8, ? + 9, +5© . vir® 4+ ¢ . yo® + <\7§°) : vﬁ§2)> =0,i=1,2
(2.76)
It is easy to show, using (2.51) (cf. the analogous demonstration in P1) that

1:[52) =0 (%) as t — 0o and, hence the two last terms in (2.76) which represent
the fast-component drag vanish. Hence, as in the RSW case we get splitting
and the slow component of the flow evolves without being influenced by the fast
one at this order. We, thus have

(00 + 912 ¥) 1P + (0, + 9 - V) I =0, i =1,2 (2.77)
with, cf. (2.12)
0 = M + (=1)" iy (77(1) + T_)(O)Hgl)) . (2.78)
Using the averaged equations (2.41) and (2.47) we find
v =aaval -, val® — J@Y, vzl (2.79)
and get
& = vl - 27 (0,72, 0,7 (2.80)
whence

M = 22 - 27 (.77, 0,7") + (1) higa (7 +7Om") . (2.81)

By the same reasoning as in P1 we introduce a "full" slow pressure and interface
displacement fields 7; = 7?,(0) + eﬁgl), 7 =0 + en™ and get the "improved"
QGPYV equations of the two-layer model:

D; - i1y = i1y = - i1y =
Dt V27 + (=) hi + e(=1) b (V27 + (=) hipa)  (2.82)
—eVm; -V (V27_1'i + (—1)i+1f_li+1ﬁ) — 2eJ (6$7‘ri,8y7‘r,-)] = 0,
where

D;
Dt

() = Oy () 4+ J <7r _ e@, ) i=1,2 (2.83)

al’ldﬁ:ﬁg—ﬁ'l.
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2.3 The FG regime
2.3.1 Definitions and the basic equations

The FG regime corresponds to the interface displacements of the order one. The
FG scaling, thus, differs from the QG one used before. It is as follows. The
interface displacement 7 is scaled as Hy. Choosing the characteristic length-
scale Ly we rescale the pressure perturbations 7; (cf. (2.3) by p;foViLo, where
Vi, i = 1,2 are the velocity scales in each layer. The velocity scales V; and
Vo are of the same order when the parameter d is of the order one, which
corresponds to the FGH sub-regime (cf. Benilov & Reznik, 1996) or are chosen
to be V3 ~ €V; for the FGI sub-regime where the parameter d is small, d ~ €2
(cf. Cushman-Roisin, Sutyrin & Tang, 1992). The consistency of these scalings
with the dynamical boundary condition on the interface (2.5) requires that in
order to have order one (frontal) interface displacements the Burger number

2
Bu = (Iz—?) should be small Bu = O(¢). Here the Rossby deformation radius

is defined with the help of Hi: Rr = /g'H1/ fo.
Introducing the complex variables £ = x+1iy, £* = x—iy we get the following
non-dimensional equations for the FG regime:

Oy +ild; + € (u,agu, + U:ag*ui) = —285* i, 1 =1,2
O [A=n)ly + (d " +n)lle] +cc = 0,
Om =€ (1 —n)th] + ce.
Ty =m + 1N, (2.84)

where U; 5 = uq,2 + iv1,2 are the complex velocities in respective layers and 7 is
the interface displacement. The following formulas are used here

1 1
O¢ = 5 (0: —0y), Dg- = 5 (Dr +10y), V2 = 40%., J(£,€") =—2i (2.85)
while
Vi -V = U0 + U O~ (2.86)
V- v; = Oclhs + O U . (2.87)

It is convenient to rewrite (2.84) in terms of the barotropic and the baroclinic
modes (cf. (Benilov & Reznik, 1996)):

ed

Ol + iUyt + T1d

[0e @43, + @Uz) + - (Uhl® + @ Woel*) | = —20¢- P,
(2.88)

atZ/{bc + iUy + a§ (ubtubc) + ul;kcaﬁ*ubt + ug(taé*ub0+

6_[
1+d

(2.89)

Upe [0 ((d™" + 1) — Upe) — (1 — 0)Belhye] + Us,, [+ ((d™" + n)Use) — (1 —0)DeUnc]] = 20e+1,

Oyt + c.c =0, (2.90)
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ed

= T g [Us0en + O (Bse)] + cc. (2.91)

O

Here

2
Uy = (1L—n)lh + @' +n)lUo, Upe =Uy —Us, P=m1 +d 'm2 + n-

L (292)

and a notation ® = (1 —n)(d~! + n) is used for compactness.

2.3.2 The main results

As in the QG regime all fields are split into slow and fast parts (cf. (2.15).
Both the slow and the fast components evolve from uniquely defined initial
conditions. However, contrary to the QG case, the fast component consists
not of the propagating IGW but of inertial oscillations with slowly changing
amplitude. For example, the barotropic and baroclinic complex velocities in
both sub-regimes are expressed as follows

Ups = 2i0¢+ P, Upe = —2ic-n + Ae™ 2.93
3 3

Here the slow functions 7, P denote the leading-order interface displacement
and the barotropic pressure, respectively, and A = A(, &*,11,...) is the slowly
evolving envelope of the inertial oscillations. Correspondingly, the leading-order
evolution is determined by two coupled equations for slow P and n and a separate
equation for A. The evolution equations obtained below are as follows:

FGH sub-regime

Oun = 1557 (0, P) (294)

0, V2P + s [T (PVP) 4V (1 =m)(@™ +0)] (1, ¥0))] = 0. (2.95)
(1+d oA+ J(P-n>=(@d ' =1)n,A)+ (2.96)

S[VEP - @ =)+ (V)] A= SV (- HnA) = o

FGI sub-regime

2
Op,n + J(Pym) +J (n, 1 =)V - @) =0 (2.97)

2
0y, V?’P + J(P,V*P) —J (n, (1 =)V + @) =0 (2.98)
B A— J(n, A) — %vu + % [V2(nA) — AV?] = 0. (2.99)

The most important and non-trivial feature of both FG sub-regimes is that
although the inertial oscillations do not run away as IGW in the preceding Sec-
tion, they do not make any contribution to the evolution of the slow component.



Zeitlin, Reznik & Ben Jelloul — Nonlinear geostrophic adjustment IT 16

In other words, the fast oscillations exercise no drag on the slow vortical mo-
tion. At the same time, the slow modulation of the inertial oscillations is guided
by the vortical motion since the coefficients in the modulation equations (2.96,
2.99) depend on P, 7.

Another interesting point is the difference between the FGH and the FGI
sub-regimes. In the former the slow component and the modulation amplitude
evolve in the same slow time ¢;, while in the latter the slow component evolves
in the slow time ¢5 and the amplitude A - in the faster time ¢;. This is a novel
feature arising due to stratification: in the barotropic RSW model the single
FG regime is analogous to the FGI sub-regime (see P1 for details).

2.3.3 FGH - calculations in the lowest order

The momentum and the continuity equations give:

OUY + il = —28,.P©
ouU® +i® = 20.9© (2.100)
851,{,5?) +ece.=0,0n% =0. (2.101)
Hence
Uy = 2i0. PO, PO = PO (z,y.1, ), (2.102)

U) = U + U = =2i0cn @ + A, 9 = (z,y.4,..).  (2.103)

Proper initial conditions for the slow and the fast parts readily follow from
the above equations. Note however that in order to respect the FG scaling the
barotropic component of the initial velocity should be almost divergenceless (the
same is true in the FGI case below).

2.3.4 FGH - the first order
We have at this order

Uy +itf}) = —20..PY 4+ FY
UL +ith) = 20, + D, (2.104)
BeUy + c.c. = 0, (2.105)
1

om™ + 8,0 ©® = (U 0en® + 0 (2©UD) | + e, (2.106)

1+d-1
where we defined:

1 2 2
Fy) = —0,U) 1 [35 (U(O)ft + ‘I’(O)U(O)ic) + O (‘U§?)| +2© |sz2)‘ )] ,

1+d
(2.107)
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1 . .
B = =0uy) = o [0 (U U)) + U506 ) + U0 Uy
+ U [0 (@ + D) - (1 -0 @)oY
+ U [0 (@ +n ) - (1= n)oeud]]. (2.108)

From (2.106) and (2.102) it follows that

9,.n® = T (n© p0
M 121 (n ) ) (2.109)
and 1
(1) = et (0) 4(0) (1)
=g Tie” "0 (<I> A ) +cc+qt. (2.110)

From (2.104), (2.105), (2.102) we get
O FY — 0. B =0, (2.111)
2 ()2 2 2
[65 (U + U + 0. <‘u,§t°" + 2 )| >] :
(2.112)

From (2.111), (2.112), (2.102), (2.103) the following evolution equation for the
barotropic pressure component is obtained:

AP = 0,20

1+d!

0, V2PO 4 +1 — [7(P®,92P0) + v (2@ (5, v7®))] =0.
(2.113)
By virtue of (2.110) the r.h.s. of the second equation in (2.104) is well-defined
and the condition of absence of secular terms gives the following equation for
the amplitude A©):

(1+d 10, A +J (P<0> @2 _ (gt - 1)n<0>,A<°>) (2%114)

% [W (PO @2 — (@' = 1)) + (Vn“”)2) A© %W (2@4@) = o.

Hence, the slow evolution of the lowest-order fields is described by (2.109),
(2.113), and (2.114). Although the inertial oscillations envelope is guided by
the pressure field, there is no time-scale separation in the time evolution of
these two, both evolving in the (ef)~! time.

2.3.5 FGI - preliminaries

In the FGI sub-regime the scaling should be changed because of the shallow
upper layer. Hence, we take (cf. Cushman-Roisin, Sutyrin & Tang, 1992)

d=0(2), Uy =0 (1); Uy = O(e) (2.115)
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and, therefore
Up = 1=l + (7 +n)le =0 ("), Upe =Uy —Us =O(1). (2.116)

Correspondingly, solution is sought in the form:

Upe = Uy + Uy +EUL + .
e = U ) D+
P = ¢'P9 4+ pW4ep® 4
n = 7O 4+en® 4@ 4 (2.117)

In what follows we assume that d = €2 for simplicity of notation.

2.3.6 FGI - calculation in the lowest and the first orders

The lowest order calculation coincides exactly with the FGH one and the equa-
tions (2.100 - 2.101) remain valid. At the first order we have

Uy + i) = —28 PO — 5, Ul (2.118)

UY + itV = 20¢m™® = 8, U — UV 81U — U0 .U, (2.119)

BeUy) + c.c. = 0, (2.120)
o™ + 0,0 = 8 [(1 = 1D | +c.c.. (2.121)
It follows from (2.103) and (2.121) that
0 = 0O (2.4 1) (2.122)
and
1 = id [(1 =) A0 e 4 e+ 7. (2.123)

Equation (2.119) for inertial oscillations is inhomogeneous. Using (2.123) to
eliminate 5(") we see that the resonant forcing ~ e~ appears in the first and
the second terms in the r.h.s. of (2.119). These terms are to be eliminated
in order to avoid a secular growth of U; and in this way we get the following
modulation equation for the amplitude of inertial oscillations

— 0, AO+2i0%. (1 -7 AL +2iAO .5 +2i (0 1® 9 A — 9@ 0. A©) = 0.
(2.124)
In the real notation this equation takes the form:

8, A — J(5®, 4O — %,4<0>v2,4<0> + % [v2(n<°> - 1)A<°>)] 0. (2.125)

After elimination of the secular growth, the regular solution of the fast part of
(2.119) may be easily found (see an analogous calculation in P1). We, however,
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do not present here the calculation of the first fast correction to the baroclinic
velocity which is not explicitly used below. From (2.118), (2.120), and (2.102)
we obtain the following equations for the slow barotropic variables:

U =2i9e. PO, PO = PO(z,y.ty,..), PO = PO (g, y,t,,..). (2.126)

The first slow correction to the baroclinic velocity field is obtained by averaging
of (2.119)

uy = —i (285*,7(1) +4 (86*77(0)86281?(0) _ 5577(0)@&2*&*,7(0)) _ A(O)*@g*A(O))

(2.127)
2.3.7 FGI - calculations in the second order
The momentum equations give at this order:
U +iU? = —20,.P? + F2, (2.128)
U + P = 20¢.m> + F2. (2.129)

Here

2 2
) = —0,U) - 0uU) -0 [(ué,?)) +(1-7) (u?) ] 0 (U1 + (1 =)D ]

(2.130)
and
R = =0l - Uy - 0 (U Uy ) — U306 — U306 U — U Uy
- UM oeU - U [ou) — (1 =)o) |
= U, [0t - (1 =)o t?]. (2.131)
The divergence and mass-conservation equations give, respectively:
BUY + c.c. =0, (2.132)

,m© + 8, ") + 8,0 — 5 ((1 — ) - n(l)usz)) +UY 3N +c.c. = 0.

(2.133)
By averaging this equation in ¢ and supposing that 5(?) is bounded in time we
get

0,7 + 0,70 — (8 [(1 = nO)HY] - 0 (1Y) + e.c)
+ (0 (VD) + c.c.) — (20 POOn© +cc.) = @134)

The evolution equation for 7(®) follows from (2.134) as a condition of absence
of secular growth of 7(!) in ¢;. Coming back to the real notation we obtain:

7 ©), 70) -0 (1 — 70yy2p _ (VI _
3,1 + J(PO,70) + J (79, (1 - 79)V?q : =0. (2.135)
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From (2.128, 2.132) we have
0 (0 — c.c.) = =i (8, V2P + 8, V2PV + O Fyy) — c.c. = 0. (2.136)

By time-averaging this equation and using (2.102, 2.103, 2.126, 2.130) we find,
coming back to the real notation, the following evolution equation for P(©);
9,92 PO 1 J(PO 72pO) 4 J (77(0)7 (1— )25 — W) —0
(2.137)
Equations (2.135), (2.137) coincide with the f - plane version of the equations
derived for the two-layer FG regime by Cushman-Roisin, Sutyrin & Tang (1992).
We, thus, proved the validity of the 2RSW slow FG equations both for the
FGH and the FGI regimes and showed that, as in the RSW case, the slow
component is accompanied by the inertial oscillations produced by the initial
disturbance. The fast component, nevertheless, does not affect the slow one
and evolves with a typical time-scale ¢;. This evolution is described by the
Schrédinger equation with coefficients depending on the slow parts of the in-
terface elevation and the barotropic pressure. The calculation analogous to
that made in P1 shows that there are no nonlinear (cubic) corrections to this
Schrédinger equation at the next order of the perturbation theory. Note also
that, although we did work with the non-filtered equation in both FGH and
FGI cases we could not avoid a self-consistency constraint of balanced initial
conditions, namely that the barotropic component of the initial velocity field
should be almost divergenceless. This restricts the applicability of the model.

3 Nonlinear geostrophic adjustment in continu-
ously stratified model

3.1 Preliminaries

The hydrostatic primitive equations in the Boussinesq approximation (HSPE)
can be written in standard notations as follows:

7

1
Btvh+v-Vvh+foi/\vh+p—VhP =
0
0.P+pg =
6tp+v-Vp =
V-v =

0
0
0,
0. (3.1)
Here the subscript "h" denotes the horizontal part of the fields (which depend
now on the full r = (z,y,2)) or operators. The velocity field is now three-
dimensional: v = (vp,w), as well as nabla V = (V;,0,) and we close the
system by requiring that the vertical velocity vanishes at the top and the bottom
boundaries:

w,_ g=w|,_,=0. (3.2)
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The densityp and the pressure P may be decomposed into static and dynamic
parts (here we put ourselves into the oceanographic context with pg >> ps,the
calculations may be repeated with corresponding changes in the atmospheric
context, see, e.g. Vallis (1996) for the description of the balanced motion)

p=po+ps(z) + X' (z,y,2;t), P =ps(z)+ M (z,y,21), (3.3)
where

H
Ps = —pogz + g/ ps(2',t)dz’' (3.4)

and )\ is a non-dimensional amplitude of the relative deviations of the isopycnal

surfaces. Throughout this section p, is supposed to be a stably stratified density

profile and primes in the dynamical part of density and pressure will be omitted.
We are solving an initial-value problem with initial conditions

Vilmo = Vo (2,9, 2); plig = p1(2,9, 2) (3.5)

(pressure and vertical velocity are not independent variables in HSPE and may
be expressed via hydrostatics and incompressibility equations in (3.1)).

To be consistent with the Boussinesq approximation (divergenceless of veloc-
ity) and boundary conditions (3.2) the initial horizontal divergence Dy = Vj,-vy,
should obey the following relation:

0
/ dz Dy = 0. (3.6)
—H
The PV equation has the form
O +v-V)II =0, (3.7
where
= (w+2fo) -V (ps(2) + Ap) (3.8)
and
w = (—0v, 0;u, Oyv — Oyu) (3.9

is the three-dimensional relative vorticity in the hydrostatic approximation. In-
troducing, as usual, the characteristic horizontal scale L and the characteristic
horizontal velocity scale U we define the Rossby number € = fOLL The charac-
teristic vertical scale is the fluid layer thickness, H << L, and, to be consistent

with incompressibility, the vertical velocity scale is W ~ U % The characteris-
foUL
off
as dictated by the Boussinesq equations (3.1). The non-dimensional version of
(3.1) is:

tic pressure scale is pg foU L, the characteristic density variations scale is pg

Ovp +ev-Vvy +zZA vy + Vpp 0,
O.p+p = 0,
op+ev-Vp—sN?w = 0,

V-v = 0, (3.10)
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2
where the Burger number Bu = s = % and the baroclinic Rossby radius
Ry = % are introduced with Ny denoting the characteristic scale of the

1
Brunt-Viisila frequency N = (—piod”é—z(z)) *. We impose, as usual, (cf. e.g.

Romanova & Zeitlin, 1984) the quasi-geostrophy condition 2% = (1) and
omit all order-one numerical factors.
The PV equation can be written as

(O +ev-V)II =0; IT = Ty + €l + €105, (3.11)
where
Iy = —sN?% I} = —s(N? + 0,p; o = —0,00,p + O,udyp + (0:p,  (3.12)

and ¢ denotes the vertical component of the relative vorticity 0,v — Oyu, as
usual. Using the density advection equation in (3.10) one can rewrite (3.11) as
follows:

2

200 _ € 9 . 200 _ _ € 9 €as o5 _
6t<NQ eIl Sap)-i—evV(NQ Il Sap)+sdzwp =0, (3.13)

where we denote, for brevity
1 d*log N?

2N2  dz2 (3:14)

Q=s(-0.(x5), 0=

3.2 The QG regime
3.2.1 Definitions and statement of the main results

In this Section we assume that the relative deviations of the isopycnal surfaces
are small, A = O(e). Then from the quasi-geostrophy condition 22 = O(1) it
follows that s = O(1), which means that the scale of the motion is of the order
of the Rossby deformation radius, L ~ Ry.

Qualitatively, the evolution of an arbitrary initial perturbation with small
Rossby number and Burger number of order unity is analogous to the two-layer
QG case considered in Sect. 2.2, although mathematics is more complicated.
Again, our analysis is performed up to the third order in e. All fields are split
in a unique way into slow and fast components.

The slow component obeys the single "improved" QG equation for the slow
pressure field p = p(® + ep1):

D 1
Di [az (Wazﬁ) + Vb — €2J(0,,0,p) + % (6215%3 ~(0%,5)" - (9%,p)° (3.15)
1
- 0(0.p)" = Vnp-V [N2 (Vip+ 8. (mazp»m = 0,

is the following advective derivative:

D
iy

D

where oI

— Oyt T (p - §Vp- VD, ) (3.16)
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and Vy = (Vh, ﬁ@z). Equation (3.15) describes the QG motion on times of
the order of e 2f~1, i.e. on much longer times than the standard QG equation
which follows from (3.15) if the O(e) terms are neglected.

The fast component consists of the internal IGW emitted by the localized
initial disturbance. The waves obey the inhomogeneous wave equation for the
fast pressure field p = p© + eV

1 . . 1 . .
aftaz (mazp) + 62 (ﬁazp) + V%p = ER(.'L',:U, zZ; t, tl, ), (317)
with the boundary conditions
3213|Z:_170 =0 (3.18)

and well-defined initial conditions. The known r.h.s. in (3.17) results from
nonlinear interactions of the lowest-order fast component with itself and with
the slow one. As in the 2RSW case, these interactions produce no essential
resonances and, therefore, the fast fields decay in time at a fixed spatial location
and induce no drag in the slow equation (3.15).

3.2.2 Calculations in the lowest-order approximation

For zero-order fields we get from (3.10):

6tv,(10) +zA vgo) = —Vpp?, (3.19)
V-v® =0, 3,p0 4+ p® = o.
8tp(0) - N2w©@ = .

The PV equation (3.11) gives

p(O) ©)
Ot [—82 (W) +¢ ] =0 (3.20)
whence it follows that
(0)
_6z ({;V—2> + C(O) = Q(O) (ratla ) (321)

The horizontal momentum equations in (3.19) may be rewritten in terms of

vorticity ¢(9 and divergence D(® of Vgo):

0,¢® + DO =
8,D® — ¢ 4 v2p©

0, (3.22)
0,

Excluding the divergence from (3.22) we obtain the equation

—-92¢0 —¢@ 1 v2p0 = ¢ (3.23)
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which gives

1 1
82,0, (mazpm)) +8, (ﬁ zp(")) +Vip® = O ¢y,..). (3.24)

The zero-order vertical velocity w(?) is zero at the vertical boundaries, as follows
from (3.2). Then from the density equation in (3.19) it follows that density
variations at these boundaries are slow. The hydrostatic balance implies that:

8.p® =—p(z,y,t1,... . 3.25
o P (T, y,t )Z:_l,0 (3.25)
The initial conditions are:

(u(‘)),u("), p(O))t_O = (ur,vr, p1) .- (3.26)

Representing the pressure as p(® = 5O (r,ty,...) + 5 (r,t,t1,...) where p and
p are the slow and the fast parts, respectively, we get the following equation for
5(0).
pt):

1 . . 1, . -
82,0, (Wazp(‘”) +0. (Wazp(0)> + V350 =0, (3.27)
with the boundary condition
a,p\® =0. (3.28)
z=-—1,0
For p(©) we have the equation
1
0, (ﬁazp(o)) + V250 = QO (r 1y,..), (3.29)
with the boundary condition
a.p\ =—p® . (3.30)
z=-1,0 z=-—1,0

The velocity and density fields are split into the fast and the slow components,
too, with
#O =350, 3@ =0, pO =—-0.5© (3.31)

and
0% +anvY = Vi@, 8.5 + 50 =0, 95 - N*0© =0. (3.32)

The fields \7,(10),\7(0), P9, 50 5 %0 may be easily found from (3.31), (3.32)
once P and p(© are given.

Equation (3.29) allows us to initialize the slow and the fast part of the motion
(cf. P1). We find that at the initial moment

L - P1
9 (m ngo)) + V%pgo) = ng)(r, ti,..) =(r— 0. (m) (3.33)
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and .
82]5& ) 0 = - lez:—l,O . (334)

z=—1,

After finding ;550) one can determine the initial slow velocity and density fields
with the help of (3.31)

v =2 AV, B = -0, (3.35)
Hence
(65'0) 6§0)a ﬁgo)) = (uI — ﬂgo),vl - 17;0), pr — /750)) (3.36)

and the first initial condition for $(© readily follows
9.9 L_O =52 (3.37)

The second initial condition for p(°) is found from the first equation in (3.22)
by using (3.21) and the hydrostatic equation in (3.19):

1,
6275 (m Zp(0)>

The problem (3.27), (3.37), and (3.38) is solved by use of Fourier-decomposition
in the eigenfunctions ¥, of the following eigenproblem

=Dy. (3.38)
t=0

1
. (Wazq:m> XU = 0; 0. Ul o =0;m=0,1,..,  (3.39)

where U,,(2) and A, are the eigenfunctions and the eigenvalues, respectively.
As is well known, the eigenfunctions ¥, form a complete orthogonal basis.
Thus, the fast pressure field is represented as

PO (x,y, z;t,t1,...) = Z PO (@, y;t, 11, .. )T (2). (3.40)
m=0

In order to decompose the initial condition (3.37) we write it in the following
form:

7| _ = Fo(@,9,2) + Fi(a.), (3.41)

where ; 0 0
o= [Caep? [ el [ a:Ro=o (3.42)
-1 -1 -1

and Fi is an arbitrary function. For each mode m # 0 we get the same Klein-
Gordon equation as in the RSW case with the only difference that the coefficient
in front of Laplacian is \,,-dependent:

1

_ . 1 ~ _ ~ = ~
—5p) — B+ VAR = 0 (B, 08) = (Fom,— Y Dfm) - (3.43)
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For m = 0 we have
Vi =0, ¥ _ =h (3.44)
The functions Fp,, , Dy, are the coefficients of the corresponding Fourier-harmonics
in the chosen basis. In order to have a localized solution we have to impose
W) =06 F =0.
The solution of problem (3.43) is conveniently written in the form of Fourier-
integral:

P = / dkp, [éwe“kh'r”“mf) + é&;)ei(“h'rh*“’mt)] : (3.45)
where the modal frequencies are
k2 + A2 :

and the Fourier-coefficients are
alF) = 1 F (kp) F ; I (Kn) (3.47)
m 2 Om AR iIX2 Wy | ’

Here ﬁbm D 1, are the Fourier-transforms of Fy_, D; , respectively.
In order to determine the horizontal velocity field we use the equation

3 5(0)
{0 = 9,50 — 5,a® =, (?V_,Z) (3.48)

simply following from (3.21). We have from the first equation in (3.22) and
(3.48) that

. 1
DO =5,5® 45,5 =9, (matﬁ(o)) . (3.49)

From (3.48), (3.49) and the hydrostatic equation we obtain the equation
~ . 1 _ .
V2U©) = (8, — i) [62 (W&H (awp“’) + zayp(o)) (3.50)

for the complex velocity /(® = @© +i5(®. Once p(® is known (cf. (3.45) -
(3.47)) we get for the coefficient U of the expression for 1/(® analogous to
(3.40):

Uy = / dry, €™ U vy, 1), (3.51)

2

a© = ’1\{—Tg(k1 +iky) [(1 — wm)eiH et 4 (1 4 wm)ag,ﬂe—iwmt] . (3.52)
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3.2.3 The first-order solution

The second-order equations of motion are:

avid +zavi) + Vi) = -8, v - v . Vv, (3.53)
Vv = 0, apM 4 M =0,
8pV — N2 = 5, p® _ () .y,

The first-order PV equation gives (cf. (3.13))
o (V20 — 1Y — p®") + (8, +v© - V) (N220) =0 (3.54)

whence by using the last equation in (3.19) we have:

(0)

(3.55)
where (cf. (3.12)
I = 0,098, + 8,u8,p® + (@ a,p®. (3.56)
Averaging (3.55) over the fast time gives
(atl +v0. vh) 0O =g (3.57)

and, therefore,

1 2 5(0) . - _
oM — ~ [Hgm g (ﬁ(O) + Qﬁw)ﬁ(m) _ fj’v_25z (Nzg(m)] —U018:0© V518,90 +0D (r, 11, ).

Y (3.58)
Here Uy, Vp1 are defined via

Uot + Vo1 = / dt (a® + @) — </ dt (a© + zv(o))> (3.59)

and the angle brackets denote fast-time averaging, as usual. It follows from
(3.52) that the Fourier-transforms of Uy, in the decomposition Ups = >, Uo1,, ¥
are given by
~ AQ (kl + Zkz)
R

Splitting all the fields into the slow and the fast components gives for the former:

[(1 — w)EH) giomt (1 4 wm)ag,ﬁe*iwmt] . (3.60)

¥ = iA(Vhp(l)—RE,Oh))
o = R
= -

2.5 + M=o,
_ (1) _
(W -0 (?Tz) = 0O(,t,.), (3.61)
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where
RO = (6t1 +90 -V) 90
RO = (0 +v) V)5, (3.62)

and for the latter:

8w +aAv) + v, = RO
i — N2 = RO
o5 + V=0,

i _g, ()Y - O 3.63

C - Uz W - ¢ ( . )
where
RO = (0 + (W) +90) - 9) 2 + 90 - v + 000, (v +9))  (3.64)
RO = (6t1+(vg°)+62°))-v) 7O+ %9 . v, 50 + 5, (,5(0)-1-[)(0)),

50)
50 _ 1 |0 502 1 950)0)) _ P 200 _ N2 (For - ¥, 0O
R = [1'[2 +0(p +2595 ) Nzaz(NQ ) N (Um VaQ )
and
o = (_azz-)(o) —8zﬁ(°))8wﬁ(°)+ (aza‘°>+6zﬂ(°’) 8,p

+ (50) n gw)) 8,50 — 0,5©8,5© +8,a98,5© + {©a, 5Pk 65)
The initial conditions for (3.53) are
vV =0, oY = 0. (3.66)

Boundary conditions follow from the density equation in (3.53):

d;ptH) =- (8t1p(0) +v(©@. Vhp(o)) . (3.67)
z=-1,0 z=-—1,0
Since 5| _ |, =0 (see (3.28)), we have from (3.67)
(atl PO 4 vO . vhﬁ“’)) =0, (3.68)
z=—1,0
5(1) = _ (Ua; - 5(0)
", (U01 Vip ) . (3.69)

The boundary conditions (3.68) together with the PV equation (3.57) and known

ﬁgo) = p® | - constitute the complete problem for the lowest-order slow com-
ponent:

1 1
o0 (V%ﬁ@ +o. (ﬁ zp“’))) +J (p<°>, Vi + o, (ﬁazp@)) —0,
(3.70)
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8,9, 7 + J <ﬁ<o>, @zﬁm)) = 0,

z=-1,0

p = ", (3.71)

t1=0

where ;650) is determined from the problem (3.33, 3.34). From (3.61) and (3.63)
one can obtain a single equation for p(!) and a single equation for p(!) | respec-
tively:

1 _ _ _
v2pM) 40, (mazp“)) = 004v,RY = 00427 (8,59,0,67), (3.72)

(87 +1) 0, (% zﬁ(”) + V3 = (07 + 1) R - 9,2 + v, - R, (3.73)

Here 2 = 9,RY) — 63,7%0). Boundary conditions for (3.73) follow from (3.69)
and the hydrostatic equation in (3.63):

M(l)L}1 J=— (3.74)

= (601 . ﬁ(o))

In order to determine the initial conditions for (3.73) we use (3.72) at ¢t = 0:

2=—1,0 z=-1,0

1 _
Vipi +0. (mff;ﬁ&”) =0 +27 (0.50",0,8") . (3.75)
The function le)is calculated from (3.58), (3.74):

A 1 (0)? (0) ~ 1 . . .
1) R — [ng;) to (p§°’ + 2p§°)p§°’) — o, <N2Q§°))] + 01,0, +V1,8,00.

N2 N2”
(3.76)
Boundary conditions for (3.75) follow from (3.66), (3.74):
=(1) _ _ (1 Rv2
o = (Um, Vi ) . (3.77)
Solution of (3.75, 3.77) allows to find ﬁgl) and, therefore,
Y = —pi. (3.78)

The second initial condition for (3.73) is determined from (3.63) and (3.66).
From the momentum equation in (3.63) we get the vorticity equation

8,{M 4+ DM = 5, RO — 9, R (3.79)
and, hence, (cf. (3.66))

8¢ = R — 9, RY. (3.80)
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From the last two equations in (3.63) one obtains
- 1 .
3:CY + 8,0, (ﬁ zp“)) =Ry (3.81)
The second initial condition for p*) follows from (3.80, 3.81):

L o oa — 550 5(0 5(0
8,0 (W .5 ))to = R} |t:0 - (ang) - aﬂzg)) . (3.82)

Thus we get for 5! the closed problem (3.73), (3.74), (3.78), and (3.82).

3.2.4 The second-order PV equation

At the third order we analyze only the PV equation which has the form (see
(3.13)):

8 (N2Q(2) — 1) — 25p© p(l)) + 0, (N2Q<1> — - ap<°>2) + 8, (N2Q(°>) (3.83)
Oy, (N2Q(1) - Upwf) 4y .y <N2Q(0)) N Z_‘:w(mp(of - 0

Averaging this equation over the fast time and using the last of the equations
(3.19) and the the fact that the fast-fast contributions vanish due to the radiation
boundary conditions for the waves we get

o, (N0 — T — 5507 + 8y, (N200) +  (3.89)
w0 ., (NQQ“) - - aﬁ(o)z) + 9., (N2Q0) + @ V8, (N?Q) = o.

We rewrite now this equation in terms of slow pressures p{?, p(1). From (3.61)
and (3.62) we obtain the equation:

W (N20O) = 7 (50, N20©) = [V (0,5 - Vi (V20O 4.7 (59, V@) - Vi (V20)
(3.85)
which can be represented in the following form with the help of (3.57):

_ . L (V©)? i
.y, (Nzg(m) - J <p<1) _ %,_]\ﬂg(o) — &, [Vhpm) Y (NZQ(O))]
— (9, V59 v (N200)). (3.86)
Analogously, using (3.61), (3.62), and (3.57) we have
50, (N20) = g, (% FOPy (NzQ(m)) _J(p(m,%azp(maz (Nm(m))

5(0)?
J (8;13\[2 ,N290> . (3.87)
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From (3.61) and (3.31) we obtain

am = cm g, (P = v2,0 Lo pm) - 29, 50

= Z(NQ)_ wp +0; (N26zp ) 2J(azp , OyD )
(3.88)

By virtue of (3.31) flgo) can be rewritten as

Y = —8.98,5 48,2 8,p + V250,50 = —V%p(o)aﬁzp(°)+(6§zﬁ(°))2+(6§zp(°))2.
(3.89)

Substituting (3.86), (3.87), (3.88), and (3.89) into (3.84) and combining the

resulting equation with (3.57) we finally get a single "improved" QG equation

by introducing the "full" slow pressure field p = p{®) + p(V):

D 1, _ A € T \2 12
Dt, [6z (Waﬂ)) + V?zp — €2J (0P, 0yD) + N2 (afsz;%p - (agzp) - (831110) (3.90)
et 5[ (0 ()] - o

D

where 5;- is the advective derivative corresponding to the "full" velocity field

v(® 4+ v given by

D

_ € _ _

and we introduced a modified nabla Vy = (Vh, %é)z).

3.3 The FG regime
3.3.1 Preliminaries

The stratified FG regime, as the two-layer ones considered above, is character-
ized by O(1) isopycnal deviations, i.e. the parameter A = (1) and, hence,
Bu = O(e) << 1. By this reason we do not use here the representation (3.3)
for the density variable p; the non-dimensional density equation in (3.10) is
substituted by the following one:

Op+ev-Vp=0. (3.92)

As usual in the frontal regime, it is convenient to introduce the complex hori-
zontal coordinates £ = x + iy and the complex velocity Y = u + iv. Taking into
account (3.92) the system (3.10) can be rewritten then as

OU + iU + 20+p+ € (U0 + U O+ ) U + w0 U] = 0
o.p+p = 0,

Oip + €[(UOe +U*Oe-) p+whyp] = O

8521 + 85*1/{* + d,w 0
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The initial conditions are

U p)1—o = U, p1) (3.94)
and we use, as before, the rigid lid top and bottom boundary conditions:
w|Z:_L0 =0. (3.95)

Hence, by virtue of the continuity equation in (3.93) the barotropic part of the
initial horizontal velocity field Up:, = ffl dz Uy is divergenceless:

Oclye; + Og=Uyy, = 0. (3.96)

3.3.2 The statement of the main results

The FG regime which we consider here is similar to the FGH sub-regime in the
two-layer model. The lowest-order velocity field is represented in the form:

U =4 z,y,2;t)e  + 200 p; w = —0e- Me ® + cec., 3.97)
3 3

where the slow modulation amplitude A of the inertial oscillations and the
function M are related as follows:

.M = A. (3.98)

As we see from (3.97) only the horizontal velocity U contains a slow component
expressed in terms of the slow pressure p; the lowest-order vertical velocity w is
due to inertial oscillations only.

The slow pressure obeys the following pair of equations:

0
/ dz [8,,V*p + J (5, V°P)] = 0, (3.99)
-1

8;,.p+ J(P,0.p) = 0. (3.100)
Evolution of the fast oscillations is conveniently described by the modulation
equation for M:

2_
%aﬁz/\/t (3.101)

_% (@«ﬁ) V%M -1 [az (6w + ’Lay) 1_7] [az (6w - Zay) M] = 0,

Again, we see that the slow component does not "feel" the fast oscillations
which give no drag terms in (3.99), (3.100). At the same time the coefficients
of the modulation equation (3.101) depend on the slow pressure and density
fields, i.e. the fast component is guided by the slow one as in the FG regimes
considered above. An important point is that the inertial oscillations envelope
and the slow vortex field evolve in the same time %1, like in the two-layer FGH
regime, and there is no time-scale separation between the two, unlike the RSW
FG regime and 2RSW FGI regime. As the initial conditions considered below
are almost arbitrary, a natural question arises: is an analog of the two-layer FGI
regime possible in the continuously stratified model? A discussion of this point
is presented in Sect. 4.

01,02, M + J(p, 02, M) + i
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3.3.3 The lowest-order linear solution

Taking the lowest-order terms in system (3.93), (3.94), (3.95) yields the following
set of equations:

AU +id O +20¢.p© =

2.p0 4 p® =

) p(O)

U™ + 9. U0 + 9,00 =

I
c oo o

(3.102)
with initial and boundary conditions

(UI(O)a Pgo)) = Uz, p1) ,

w® = 0. (3.103)

z=-—1,0

The third equation in (3.102) means that the density field is slow: p(@ =
po(r;t1,...). The pressure field is split into the slow and the fast parts

p=pO;ts,..)+pO(r;t,..). (3.104)

By introducing the slow-fast decomposition of the velocity field we get the fol-
lowing equations for the slow and the fast components, respectively:

U =2i0e.50, 9.5 + 5 =0, §U® + 8. t*© + 0,0 =0, (3.105)
Oy + illy = —20¢-p?, 8,50 = 0, delho + Oe-Uy + 8,5 » =0.  (3.106)
The corresponding boundary conditions are

vy ()
z=-1,0

=0. (3.107)

2=-1,0

From (3.105), (3.107) it follows that @(®) = 0. We represent the fast component
of the horizontal velocity as a sum of baroclinic and barotropic parts:

U =L~{,§S)(r,t, t1,...) + L{,f?) (z,y,t,t1,...); / dzu(o) =0. (3.108)
Using (3.104), (3.106), and (3.107) we obtain for the barotropic component
AU + il = —206- 5, 9UY + 0. U, = 0 (3.109)
whence it readily follows that
uY = =o. (3.110)
From (3.106) and (3.110) we get:

0
UO =19 = AO (r;ty,.. )e ;[ dzA® =0 (3.111)
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and '
w® =@ = WO (r;4;,.. )" +cc. (3.112)

where

WO = _5. MO, (3.113)

The function M(®) is the primitive with respect to z of the modulated amplitude

of the inertial oscillations:
.M = A©) (3.114)

Thus, at the lowest order the flow is split into slow geostrophic (vortical) mo-
tion with no vertical velocity and fast inertial oscillations field. The former is
completely determined by the quasi-steady pressure field and the latter has no
signature in the pressure field. As to initial conditions, the slow density and

pressure are in the hydrostatic balance, Bzﬁgo) = —pr, and by decomposing the
initial pressure field into the baroclinic and the barotropic parts:

_(0) _ (0 _(0

P = pio (v) + pig) (2,1), (3.115)

where ffl dz ﬁ,()(g =0, we get

z 0 z'
pgg)l :-/71 dzp1+[1 dz' 11 dz pr. (3.116)

In order to find ﬁgs)z and Z]}O) we represent /(¥ in the same form:
UO =i (x,ty,..) + U (2,y, t, b1, ..) (3.117)
with %, dzU® = 0. We have
U0 = (x) + U (,y), (3.118)

where ZZ,SSI) = 200~ ;5,()2)[. Since U; = L?I(O) +ZZI(0) = Zf(,fgz +Zj{,§fl) —H:{}O) and by virtue
of (3.110) f_ol dz Z:{}O) = 0 the barotropic component at the initial moment is

0
2 =t = [ s o1
-1
and, therefore,
0
4 = A — g, - / dztty - 2. (3.120)
-1

Finally, the field p,(g is determined from the equation

2i0¢-Pyy) = Uy, - (3.121)
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3.3.4 The second order evolution equations

At the first order in € the system (3.93) yields:

oUY +iuM = — [Btlu(o) +20¢.p + (U(O)ag + L{(O)*ag*) U + w<°>6zu<°)] ,
a.pM +pM = 0,
0 = = [0up® + (UO8 + U0 ) fO + w050
UV + 8e-dV* + 9w = 0. (3.122)

The evolution equation for the slow density field at this order
Ay, p'® + 0(0)3€p(0) +U* (0)85*/1(0) =8,,p 9 + JE?, p®) =0 (3.123)

is readily derived from the mass conservation equation in (3.122) by averaging
over the fast time. Thus, the zeroth-order density field is horizontally advected
by the geostrophic velocity. The fast part of the mass conservation equation
in (3.122) gives

8ip = — [(d“’)ag + z)<°>*a§*) p® 1+ 5©g, p<°>] . (3.124)

Hence, the full density field at this order (cf. (3.113), (3.112), (3.124)) is given
by

p1 =P (r5te,..) + [Ra(rsta,.. Je * +ce. ], (3.125)
whence ]
pM =W (rs8y,..) + [’P(l) (r;ty,...)e " +cc. ] , (3.126)
where
9 (MO O
9, PN = —RMW —; [.A(O)@gp(o) + W(O)sz(o)] = 17(/\;( ’5 ) (3.127)
z’

and we used another standard notation for Jacobians allowing us to display
explicitly the independent variables.

As usual in the frontal regime, the r.h.s. of the horizontal velocity equation
in (3.122) contains resonances. Their removal gives an evolution equation for
the inertial oscillations envelope:

2 (59, A©
% + 20 A0 pO + 208 (09.0¢. 5 + 20, PV = 0.
’ (3.128)

Differentiating (3.128) in z and using (3.127) and the definition of M© we

arrive at the following modulation equation for M(®):

o (13(0), 3§zM(0))
X(

=2 (9.p0) 0. M@ — 43 (92.5V) B2 . MO = 0,

By, A® — 2

04,0, MO — 24 + 2i0%.p V92, M (3.129)
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which can be rewritten in Cartesian coordinates as follows
2 1 4(0) ) 52 Aq L5 VP oo
6t16zzM + J(p ,BZZM ) +lT(‘92zM0 (3130)

—% (8Zﬁ(0)) VZMO [az (8, +i0,) p<°>] [az (8, — i0,) M<°>] _—
This equation (with additional terms arising on the - plane) was initially de-
rived by Young & Ben Jelloul (1997) and then studied by Balmforth & Young
(1999). Young and Ben Jelloul omitted the last term arguing that the shear of
the background geostrophic flow in their setting was weak. However, they also
pointed out that this term was needed to ensure the energy conservation for the
inertial oscillations field:

1 1
E=s / dadydz A©) A = 2 / dzdydz ((LM(O)) . MO (3.131)

Once resonances removed, the first correction to the (complex) horizontal
velocity field is readily calculated from the first equation in (3.122):

Up = AGVeit 170 4 40Dt . f012) 2t (3.132)
where
A0 = i (0, MOGMO — 9 MO M), (3.133)
AGD = 4@ (3.134)
ALY = % (0- M@ 0.1 + 20, PO* — e M@ 0.7 ) (3.135)
AM denotes the first correction to A© and
0" = —i(-2i0,0050 — A9 5 A + 4i (3 500%. 50 — 050050
+ B M©*9,A© 26@(1)) . (3.136)

The first correction to the vertical velocity can be easily determined, too, from
the continuity equation in (3.122). Its slow part is given by

a0V = — <6§ﬁ(1) +ec. ) (3.137)
whence using (3.136) we obtain the equation
0.0 = —20,0%.50 — 2i0%.p") + (3.138)
4id (05 0% 0 — 0500 5V) = i (AD 0 A0 = 9 M9, A0 + cic.,

which may be rewritten as

o,V = % (8, V250 + T, V5)) ~i [0 (A0 A®) - 0 (8- M©*0.A0)) | +ec.
(3.139)
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By integrating this equation over z from —1 to 0 and using the definition of
M) and the vertical boundary conditions we obtain from this equation that

0
/ dz [atlv%(“) +J(E, V2 )| = 0. (3.140)
—1

Finally, we rewrite (3.123) in terms of p(®:
01,20 + J(p'9,0.p7) = 0. (3.141)

Equations (3.140), (3.141) together with the initial conditions for p(%) following
from (3.115), (3.116), (3.119), and (3.121) form a closed system of equations for
the evolution of the slow vortical component of the flow. The system (3.140),
(3.141) was first introduced by Benilov (1993).

We, thus, see that at this order the evolution of the system is described
by two autonomous equations for the slow pressure coupled with a modulation
equation for inertial oscillations field. The modulation equation (3.130) de-
scribes the redistribution of energy among the inertial oscillations "catalyzed",
in the language of Lelong & Riley (1991), by the vortical component. It is
worth repeating that, just as in the two-layer FGH regime (and contrary to the
one-layer FG and two-layer FGI), the slow component and the fast oscillations
envelope evolve in the same time ¢;.

3.3.5 The third-order approximation

As before, we will not dwell into the tedious, but rather straightforward calcu-
lations of the third-order corrections to the velocity and density (or pressure)
fields, limiting ourselves by analysis of the PV equation. We should mention,
however, that cubic corrections to the modulation equation (3.130) identically
vanish, as in one- and two-layer FG regimes.

The non-dimensional PV conservation equation is

Il +ev- VI =0, (3.142)
where the potential vorticity II is expressed as
M=0,p+¢€[C0.p— ;v 0up+ O;ulyp]. (3.143)

Let us state the result of the calculations in the previous orders of the pertur-
bation theory. In the lowest order we get that II(®©) = 9,p(®) does not depend
on the fast time. In the first order in € we obtain

oI M 4+ 5, I 4 v . 1@ =0, (3.144)
where

W =9,pM + (99,0 — 9,098, +8,u,p. (3.145)
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Note that the inertial oscillations do give rise to PV in the first order as

PYPON)

Finally, at the third order we have the equation
9,1 + 9, IV + 5, M + v@ . yr® 4+ vV . vI® = o, (3.147)
Averaging this equation over the fast time ¢ gives

3, IV + 8, M® + 5@ . vI® 4+ 3 . viI® 4 <\7(0) , vf[(l)> =0. (3.148)

Tedious but straightforward calculations using the Jacobi identity for the
Jacobians show that the fast-component contributions containing the envelope
of the inertial oscillations A® in the third and the fifth terms in (3.148) are
mutually canceled, while there is none of them in the fourth term. Thus, there
is no inertial-oscillations drag in the PV evolution equation. By introducing the
"full" fields

=9 + g™, (3.149)

I =—(1+€V?p) 02,5 + €[ VO.p* (3.150)

the PV evolution equation may be rewritten in an explicitly conservative form:
0,1+ v - VII = O(¢?), (3.151)

where the slow divergenceless velocity field ¥ is given by the complete geostrophic
velocity plus slow ageostrophic corrections. These corrections are provided by
the slow pressure terms in (3.136), (3.138), the other terms are canceled as
explained above.

4 Discussion

The problem of nonlinear geostrophic adjustment or, more generally, the prob-
lem of interaction between the fast and the slow components of motion is of
fundamental importance for understanding rotating stratified turbulence and
has been under active study for years (see, e.g. Bartello, 1995, and references
therein). Practically, its solution is crucial for weather and climate prediction
(see P1 for general discussion). This problem is attracting much attention from
the mathematical community and many important results were recently ob-
tained (Babin, Mahalov & Nicolaenko (1996, 1999, 2000), Babin et al (1997),
Embid & Majda (1996, 1998)). All these works deal with a spatially periodic
motion in a periodic box containing a "soup" of wave-modes and "bones" of
vortex-modes evolving together. This setting is evidently well-suited for com-
parisons with numerical simulations of turbulence and allows, in particular, to
apply the ideas of statistical equilibrium to find the evolution tendencies (cf.
Bartello, 1995).
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In the present paper we, however, take a different approach, which is more
appropriate when studying the geostrophic adjustment. Namely, we consider
the problem of evolution of a localized initial disturbance in the open domain,
thus letting the fast waves to be radiated to infinity. In terms of compari-
son with numerical simulations, therefore, our results should correspond to the
sponge boundary conditions in the horizontal directions. This approach allows
us to avoid wave-wave resonances which were thoroughly studied in the above-
mentioned papers. The only resonances which do play a roéle in our analysis
are those due to the "catalytic" interactions (Lelong & Riley, 1991; Bartello,
1995) of quasi-stationary inertial oscillations with the vortical flow in the frontal
geostrophic regime. Inertial oscillations are non-propagative and, therefore, they
are staying for a long time at the initial perturbation location. However, they do
not make any contribution to the equations governing the slow motion, which we
confirm by direct calculation. Another idealization is that we use the hydrostatic
approximation compatible with a thin slab geometry, leaving the study of non-
hydrostatic Euler - Boussinesq equations for a future work. This approximation
simplifies the analysis because of the absence of vertically propagating inertia
waves which can produce resonances due to the smallness of their horizontal
group velocities (cf. Babin, Mahalov & Nicolaenko, 1998).

The main result of the present work is that, like in the barotropic case
considered in P1, the motion of rapidly rotating (small Rossby number) strat-
ified fluid is uniquely split into the slow part close to the geostrophic balance
and the fast part consisting of rapidly propagating IGW or non-propagating
inertial oscillations. The key point is that the fast component does not affect
the slow one up to the third order in the Rossby number. At the same time,
the adjustment scenario strongly depends on the stratification and the order of
magnitude of the typical deviations of the isopycnal surfaces from their equilib-
rium positions. We considered above the geostrophic regimes for two types of
stratification of the fluid contained in a slab: a density jump (two-layer model)
and a smooth density profile (continuously stratified model). If the deviations
of the isopycnal surfaces (of the interface in the two-layer case) are small, the
adjustment follows the quasigeostrophic scenario. The slow component is gov-
erned by the standard PV equations on times of the order of (fRo)~!. The
method we use allows to proceed further in the expansion in Ro and to derive
an improved quasigeostrophic PV equation describing the slow QG component
on much longer times of the order of (f Ro?)~!. This equation is also written in
the PV-conservation form and is reduced to the standard qusigeostrophic PV
equation on times O (f *Ro~!). The fast component consists of the internal
IGW rapidly propagating outward of the localized initial perturbation. It de-
cays in time at a fixed spatial location. Nonlinear interactions of the fast waves
with each other and with the slow component do not produce any drag in the
slow-component equations ( at least up to times O ( f _1R0_2))

In the case of strong deviations of the isopycnal surfaces all the fields, again,
are split into slow and fast components, each of them evolving from the well-
defined initial conditions. But unlike the QG case the fast component here
consists of the non-propagating inertial oscillations with slowly modulated am-
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plitude. The modulation is described by a Schrédinger-type equation with coef-
ficients depending on the slow variables, i.e. the oscillations are strongly coupled
to the slow component contrary to the QG case. Another distinction from the
QG case is that nonlinear self-interaction of the fast component does give rise
to the slow velocity field. However, and this is a non-trivial fact, this interaction
does not result in any drag terms in the equations for the slow component.

Correspondingly, the slow component is governed by the frontal geostrophic
dynamics equations derived in the papers cited in the Introduction. In the two-
layer model the frontal regime depends strongly on the density stratification, i.e.
on the ratio of the layer depths. We distinguish between the two basic cases: ho-
mogeneous FGH (layer depths of the same order) and inhomogeneous FGI (thin
upper layer). In the FGH sub-regime the slow component and the modulation
amplitude of the inertial oscillations evolve in the same slow time ¢; = Ro t while
in the FGI regime the slow component is even slower and evolves in t; = Ro?t,
while the modulation amplitude still evolves in ¢;. Thus, for large-scale initial
disturbances with strong density perturbations the geostrophic adjustment may
be incomplete or delayed due to the presence of the fast near-inertial oscillations
co-evolving with the slow frontal-geostrophic vortical component of the flow.

In the continuously stratified fluid the frontal regime is similar to the two-
layer FGH sub-regime as the slow component and the envelope of the inertial
oscillations both evolve in ¢;. It should be noted, however, that while performing
our calculations we tacitly assume that the initial density has no discontinuities
nor sharp gradients in the vertical. If this assumption does not hold, the asymp-
totic procedure of Subsection 3.3 should be modified. We believe that regimes
analogous to the FGI one are also possible for certain continuous stratifications,
for example the thermocline-type stratifications with a thin sharp thermocline.

The perturbation method we use imposes obvious self-consistency restric-
tions and has a validity domain limited in time . The motion should preserve
its single-scale character for both fast and slow components (including the ver-
tical scale in continuously stratified model) and there should not be explosive
finite-time instabilities in slow dynamics destroying the slow-time scaling.

The limits of the single space-scale approach become evident while passing
to the B - plane equations. The g-effect may be introduced in all models above
along the lines of P1 with the same conclusions. First, the fast-slow splitting
persists on the 3 - plane, too, and the slow-component equations are the same as
those derived by filtering of the fast component. Thus, the slow dynamics of the
stratified fluid on the 8 - plane is self-consistent. Second, the single spatial-scale
asymptotic approach results in incurable secular growth of the higher-order fast
corrections. A self-consistent asymptotic procedure, yet to be developed, should
be based on at least two spatial scales in order to take into account distortions
of the fast-wave rays due to the spatial inhomogeneity induced by the § - effect.

Another problem is the baroclinic instability which should be endemic in the
frontal regimes, whose characteristic scales are much larger than the deformation
radius. It is evident that this instability can destroy the presumed FG scaling if
it gives rise to the growth of the perturbations with scale of the order of the defor-
mation radius. Benilov (1993) showed that in the continuously stratified frontal
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regime the instability occurs for perturbations with small enough horizontal
scale. Moreover, the instability growth-rate tends to infinity as the perturba-
tion scale goes to zero. Stability of the two-layer frontal geostrophic regimes
was considered by Benilov & Cushman-Roisin (1994). Swaters (1993) explored
the similar problem for the two-layer ocean with sloping bottom. Karsten &
Swaters (2000a,b) investigated in detail the stability of various two-layer frontal
sub-regimes on the (- plane. The results of these papers indicate that higher-
order corrections to the FG slow equations (like those calculated above for the
QG-regime) are necessary to control the instability. In any case our analysis, as
in the RSW case in P1, shows that the evolution properties of slow structures, in
general, and their stability, in particular, may be safely studied within the slow
dynamics equations as they are not influenced at all by the fast component of
the flow. Even if the flow in the frontal regime develops a baroclinic instability,
unless this latter is explosive, one can still follow the early stages (note, that
"early" is in the slow-time sense and that the baroclinic instability is known to
be slow to develop) of the joint evolution of inertial oscillations and vortex flow
with the help of the fast and slow FG equations.

We should also emphasize that the "improved" QG equations obtained in P1
and in the present paper deserve further study as they contain higher derivatives
with respect to the standard QG equations which should modify the short-scale
behavior of solutions. It should be noticed that the improved QGPV equations
in RSW, 2RSW and HSPE may be simplified by passing from the geostrophic
pressure(s) to the geostrophic Bernoulli function(s) B = p — £(Vp)?®. (The
usefulness of the Bernoulli function in the context of balanced motions was
advocated long ago by Sutyrin, 1994). In this way the gradients disappear from
the advecting velocity and the third derivatives disappear from the advected
PV, which is important for computational purposes. It should be also mentioned
that Vallis (1996) obtained a system of balanced equations from "a step beyond
quasi-geostrophy" approximation by direct filtering of the fast component and
by considering corrections to the QG PV-inversion in the primitive equations in
the atmospheric context. We believe that this system may be further reduced
to a single improved QGPV equation.
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