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RSW in a right half f-plane Mathematics of
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Linearized RSW equations with a straight "coast" at x =0 :

V. Zeitlin
ur — fv+gnx =0,
Ve + fu + gny = O’ Kelvin waves in
]— RSW with an
Ui + HO(UX + V_y) - 0, ( ) idialized I:oalt

ul,_o=0.

Substituting (u, v,n) = [ dldw (i, 7o, 7o)€ ¥ =) + c.c. in
(1) and eliminating dp, ¥p — ODE for jp :

o + (w? — % — gHol*)io = 0. (2)
As I .,
- N0 — Wiy

UO—’wz_f2> (3)

boundary condition for 7jp(x) is

flfjo — wﬁg\xzo =0. (4)



RSW waves in the half-plane
Solutions of two types :
» Free inertia-gravity waves :

w? — 2 — gHol? = k*> > 0,

o o e, = w2 = £2 4 gHo(K2 + I2).

» Trapped boundary Kelvin waves :
w? — 2 — gHol?> = —k% < 0,
o x e ™, = k>0.

Boundary condition :

flfjo — wﬁé)‘x:O =0 = k= 0
2/2

f'
w? — 2 — gHyl? +gHo—5 =0 w?
w

= gHo/l?, no dispersion.

k>0 = w= —+/gHol — unidirectional propagation.
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Dispersion diagram of the 2-layer RSW with a the atmasphere

and oceans 3
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Dispersion relation for internal-gravity and Kelvin waves in
the 2-layer RSW model. Baroclinic Kelvin waves are not
shown. Upper surface : barotropic inertia-gravity waves, lower
surface : baroclinic inertia-gravity waves, plane : barotropic
Kelvin waves.



Reflexion of inertia-gravity waves

Scaling with time in units of £~1, and distances - in units of
Ry = —Vé"fH", the deformation radius.
Any "free" wave is a sum of incident and reflected waves :

(U, V,77) = (U,’, Vi;"?i) + (Ur, V,«,?’],«)

k il w — ik ;

—kw + il lw + ik
w2 —1"w2-1

(ui,vi,mi) = Ai(

(UraVranr) = Ar(

Boundary condition :

kw + il

2 _ 2., 2
o= Y =14+k"+17. (9)

Ui+ ur|,_o =0, = A = A

Snell's law.

’1) ei(kaJrlyfwt) +cc.
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Linearized non-dimensional equations in the presence of
topography :

u—v+mne = 0,

Vt+U+'r]y 0,

1t + (Hu)x + (Hv), (10)

H - unperturbed depth of the fluid.

» Abrupt shelf : typical scale L << Ry < R% =
» Gentle-slope shelf : typical scale L ~ Ry

Fourier-transform and reduction to a single equation :
(u, v,n) = (Go(x), %o (x), 7io(x))e Y=« 4 cc. —

/
(H) + (w? =1 —PH — —H')ilo = 0. (11)
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Abrupt shelf

Asymptotic analysis in € :

» "Open-sea" domain :
A" 4+ (@2 —1- Py =o. (12)

Solution - trapped wave : ﬁéh) =Ae ™™ k>0

K2 =1 4+1-uw (13)

Suppose : k = kg + €K1 F ..., W = wWo + €W + ...

» "Coastal" domain :
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;2 (H(ﬁ)ﬁéc)(f)/)/+ <w2 —1—PPH(¢) — ZH/@O 7 —o.
(14)
) =19 + i@+, €= (15)



Hierarchy of equations for (", n=0,1, ... : Mathematics of

the atmosphere
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(H&r®ey) = o
(HET(@E)) ~ T = o .
0 With an Hoatieed
.................................... (16) [
Order zero
H(£)7(€) = C = const. (17)

C #0,= singularity at x =0, = 7(9) = const.
Matching with the domain (h) a x = € :

- 1
h(()h) =A (1 — ko€l + §’€3(65)2 — R+ > , = (18)

70 = A.
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Order 1 V. Zeitlin
_(1)( eV ! o,
(H(ﬁ)n (é)) ~ o H@OA= G =const.  (19)
Solution regular for gy, g G =0= nilhon e
/
ﬁ(l) = — A¢ + const. (20)
wo

Matching of 7(® + e7(!) with I_1(()h) ax=¢€€

= w—lo = —Kg, const = 0.

Since k> =P +1—-w? w?#1 =kry=1 —
Kelvin wave in the leading order.

Higher orders — corrections to the dispersion relation.



Shelf with a gentle slope : Ball's model the stmasphere
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Ball's model : H(x) = Ho(1 — e™%).
Change of variables(trapped solutions) x — s = e
ho — sPhg, where p is defined by

—ax
1

Waves in RSW
with an idealized
coast and a shel

Ww—1-P=-p><0, = (21)
Hypergeometric equation :
s(1—s)hy + [y — (a+B+1)]hy—aBhy=0, (22
solutions F(a, 3,7, s) - hypergeometric functions,

1 Il 1 I 1
=2p+1, a=p+=—/P—— 4>, B=p+4(/P——+>.
7=2p+l, a=p+y — g BEptot —+3

(23)
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Trapped wave solutions V. Zeitlin
A regular at x = 0 and decaying at x — oo solution =
a=-—n, n=0,1,..... In this case
/_70 = SPF(—n,ﬁ,ﬁ/, S), n= 0, 1, ceey (24) Wpe Y
coast and a shel
where
~ (=mm(B)
F(_n757775) = #va (a)m = a(a+1) e (a+m_1)
0 (V) mm!
(25)
« = —n — dispersion relation :
1 /1
= =4\/2P——+>,n=0,1,.... 26
pts+n =01 (26)
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Free wave solutions
Solution for propagating (incident and reflected) Poincaré
waves : p — ik in the above-displayed formulas. Solution is
then given in terms of hypergeomeric functions : U i I -

coast and a shel

ho = A e—’kXF(a*,ﬁ*,v*,s)—re"kXF(ow,v*,s)}, (27)

A is the amplitude of the wave, * means complex
conjugation, r is reflection coefficient :

@O’ + )
Mo (5) (o + B)’

I — gamma-function.  (28)




Dispersion relation for the coastal waves (n -
number of nodes in the cross-coast direction

Poincaré
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General properties of the coastal waves :

v

v

v

Unique Kelvin wave,

Discrete spectrum of sub-inertial trapped waves with
w < f (shelf waves) with unique sense of propagation
(coast at their right)

Discrete spectrum of supra-inertial trapped waves with
w > f (edge waves) with double sense of propagation

Continuous spectrum of incident/reflected supra-inertial
inertia-gravity (Poincaré) waves
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Waves on the
coastal current

Outcropping = non-trivial profile of the layer thickness H in
a steady state = non-zero mean velocity via the geostrophic

balance

Uly) = =S Hy(v) (29)
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LInearization and boundary conditions the atmosphere
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us + Uuyx + vU, — v = — hy, V. Zeitlin
V¢ + UVX +u=— hy’ (30)
hy + Uhy = —(Huy + (Hv)y).

Free-slip boundary condition at the coast : v(—1) = 0. The

outcropping line is a material line = : Sons'and v

coastal current
dYe

H(y) + h(x,y, t)[,_y, =0, o (31)

y=Yo

y = 0 - location of the free streamline of the mean flow,

Yo(x, t) - position of the perturbed free streamline, % -

Lagrangian derivative. Linearised boundary conditions :

P

i (32)

)

y=0

and continuity equation evaluated at y = 0 = the only
constraint to impose on the solutions of (30) is regularity at

y=0.



Mathematics of

COﬂSta nt P\/ ﬂOWS the atmosphere
PV of the mean flow in non-dimensional terms : an: c:::f
Q= vy =K = (33)
H(y) ' o
Hyy(y) — Qy)H(y) +1=0, H(0) =0, H,(0) = — U, Wover om the

(34) coastal current

U(0) = Uy is the mean flow velocity at the outcropping.
Flows with constant : Q(y) = Qo # 0 :

H(y) = &:[1 — Upv/Qo sinh(v/Qoy) — cosh(+/Qoy)],
U(y) = Ug cosh(v/Qoy) + ﬁ sinh(v/Qoy).
(35)

Advantage : for (u, v, h) = (a(y), v(y), h(y))e*=<t) + c.c.,
the wave equation does not have singularity, which is
otherwise the case, at critical levels y. : U(y.) — c = 0.
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Dispersion diagram the stmasphere

and oceans 3

V. Zeitlin

Waves on the
coastal current

Dispersion diagram for waves in the flow with Qy = 1. K -
coastal Kelvin wave, F - frontal wave, P, - Poincaré
(inertia-gravity) wave, n - number of nodes of the mode in
the span-wise direction.



Phase portraits of Kelvin and Frontal waves

Pressure (contours) and velocity (arrows) anomalies of Kelvin
(bottom) and frontal (top) waves propagating over a uniform
PV flow flow with Qy = 1.

Remark :
At small enough current velocities Kelvin and Frontal wave

can couple and form an unstable mode.
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Escarpment topography

Mathematics of
the atmosphere
and oceans 3

V. Zeitlin

Kelvin waves in
RSW with an
idealized coast
Waves in RSW
with an idealized
coast and a shel
Waves on the
coastal current

Topographic
waves

Equatorial waves
in RSW model
Barotropic vs
baroclinic
equatorial waves



Wave spectrum over escarpment

Wave equation :

_ / _
(gHRy) + (w? — 2 — IPgH — —gH')ho = 0.

At x — £oo depth is constant, altleit different :
H = Hi = const. Asymptotics of hg :

gH:tf_'loljl: + (w2 — f2 — /2gH:|:)/_70:|: = 0.

Two kinds of solutions, depending on the signs of
pi =w? - f2— I2gHi.

(37)

» p2 >0 — a wave propagating to or out of escarpment,

» p3 < 0 — trapped at the escarpment wave.
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Linear escarpment

Dimensionless wave equation at the escarpment :
- fl -
((Hm + x)hy)" + (w? = 2 = 12(Hpm + x) — ho =0, (38)

where H,, - mean depth. May be explicitly solved in terms of
confluent hypergeometric functions M and U :

- —fl — 2w — | 3
Folx) = GuU(- W WHWT a2
2w
= P w+ w?
n C2M< Z/ witw ,1,4/+2/x> (39)
w

where C; o = const.

. T 2
To be matched to the asymptotics ho(x) = CreTV ~PE,
Continuity of hg and hj at x = %1 - four homogeneous linear
algebraic equations for the constants Cy., G 2, solvability
condition — dispersion relation w = w(/).
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Dispersion curves for topographic waves trapped
by the linear escarpment

—0.10

—0.14

—0.16

— 0.8 [

—0.22

—0.24

Two lowest modes shown (respectively, zero- and one-node.
Resemblance with Rossby waves <+ same origin :
background PV.

gradient of
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Phase portrait of the n = 0 mode

s
T
n

n
-L0 =05 0.0 0.5 Lo

Isolines of h for the gravest topographic wave with maximal

frequency over the escarpment region (x € (—1,1). Trapped
waves can propagate only in the negative direction along the
escarpment, i.e. leaving the shallower region on their right.
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Mathematics of

RSW model on the equatorial tangent plane tHeTatisaphere
and oceans 3
Equator = rotation of the planet is parallel to the tangent

plane = no fy : V. Zeitlin
Ov+v-Vv+By2Av+gVh =0, (40)
Oth+V - (vh) =0.
Decay boundary conditions in y (confinement in the
equatorial region).
Scaling
1
Spatial scale - equatorial deformation radius : L ~ (@) 2
Tlme_scale i T ~ (/BL)_I’ VeIOCity Scale - U ~ gészi = - Equatorial waves
in RSW model

_A
Rossby number ¢ = 557

Linearized non-dimensional equations - explicit

y-dependence :
u—yv+he =0,
vi+yu+h, =0, (41)
he +ux+v, =0.



Gauss - Hermite basis
Change of dependent variables

f:%(u—i—h); g:%(u—h).

ft—l—fx—ké(vy—yv): 0,
8t — 8x — %(Vy +yv) = 0,
ve+y(f+g)+(f—g)y= 0,
appearance of operators 0, £ y. 3 a set of orthonormal
functions with decay boundary conditions such that :

<Z>/n+)/¢n = \/%ﬁﬁn—l, (z)/n_)“ﬁn =V (2n+ 1)¢n+1-

Gauss-Hermite functions, H, - Hermite polynomials

N

_ Ha(y)e =z
bnly) = NV

n(y) +(2n+1—y*)ga(y) =0.

(44)
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Special solutions : Kelvin wave the stmasphere

and oceans 3

Particular solution with v =10 :
V. Zeitlin

ft+fX:07 gt*gxzoa :>f:F(X*t7y)a g

N

I
)
x

S 4

N \.l‘f
N

y(f+g)+(f—g), =0, = Fxe 2, Gxe'
Decay boundary conditions impose G =0 =

N
N

u=Fo(x—t)e z; h=Fy(x—t)e"z; v=0. (47)
Equatorial Kelvin wave with unique sense of propagation,
eastwards, and no dispersion.

Kelvin n=—1 k=1

Equatorial waves
in RSW model

—pi —pil2 0 pi/2 pi



Special solutions : Yanai waves
Another particular solution with g =0, f #£0,v #0 =

ft—i—fx—l—%(vy—yv):O,
vy +yv =0, (48)
Vt—i—yf‘i‘f;/ :0,

Separation of variables :
v=w(x,t)do(y), f=Fi(xt)oi(y) =  (49)

equations with constant coefficients for Fi(x, t), vo(x,t) :

1
5= 0, vo, +V2F =0. (50)

Looking for wave solutions o e/(“t=*%) we get the dispersion
relation :

Fi, + F1, —

k2

+ 1. 1
o+ (51)
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Phase portraits of Yanai waves the stmasphere

and oceans 3
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EYW n=0 k=1 WYW n=0 k=1

- " " g Equatorial waves
-» -pil2 0 pi2 P ianSW model

i —pir2 0 pil2 pi

Pressure (contours) and velocity (arrows) distribution in the
equatorial eastward- (left panel) and westward- (right panel)
propagating Yanai waves with zonal wavenumber k = 1.



General solution : inertia-gravity and Rossby waves

Elimination of u and h (or f and g) in favour of v :
Ot (Vzv—yzv—(‘?ttv) + Oyv = 0. (52)

Expansion of v in ¢, 1 v =" va(x, t)pn(y) gives :
O¢ [02vn — (20 + 1) vy — 02vy| + Oxvy = 0. (53)

After Fourier-transformation
Vn(k, t) = [ dxe=®v,y(x,t) + c.c. we get

D3,V + (K* +2n 4+ 1)0:, — ik, = 0. (54)
General solution
Vp = Vo (K)e ™mt v, (k)e ™mt 4 v, (k)e “mst  (55)
where w,,_, a = 1,23 are roots of the dispersion relation :

Wi —(k*4+2n+4 1w, —k=0. (56)

Na
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Gravity
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coastal current

Topographic
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in RSW model
Barotropic vs
baroclinic

. , cquatorial waves

k(CfZB)ﬂE

Dispersion diagram for equatorial waves in the 1-layer RSW.
Only two lowest meridional modes for Rossby and
inertia-gravity waves are shown.



Phase portrait of a Rossby wave Mathematics of
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Rossby wave n=1 k=1

PSR SN

N

e

- 7"?\\;

7

Equatorial waves
in RSW model

Pressure (contours) and velocity (arrows) distribution in the
equatorial Rossby wave with zonal wavenumber k = 1.



Phase portraits of inertia-gravity waves the stmasphere

and oceans 3

V. Zeitlin

WIGW n=1 k=1

Equatorial waves
in RSW model

Pressure (contours) and velocity (arrows) distribution in the
equatorial eastward- (left panel) and westward- (right panel)
propagating inertia-gravity waves with zonal wavenumber
k=1



Generation of Kelvin and Rossy waves by pressure
anomaly : numerical simuations

t=0.2 t=8.0

Relaxation of a pressure anomaly of large zonal scale at the
equator, with formation of Rossby and Kelvin waves
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Equatorial Kelvin wave in satellite observations the atmasphere

and oceans 3

V. Zeitlin

Satellite Infrared Image, 18 UTC 4 May 2002

Equatorial waves
in RSW model

Kelvin front at the equator.



Equatorial Rossby wave in satellite observations

Symmetric with respect to equator twin depression visible in
the cloud cover in a satellite image and associated with an
equatorial Rossby wave.
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2-layer RSW with a rigid lid on the equatorial - plane

1
Otv,-—l—v,--Vv;jLByi/\v;—l—;Vﬁ;:O,i:1,2; (57)
1

Oth; +V - (h,-v,-) =0 (58)
(p2 — p1)gn =m — 71, hi+hy=H. (59)

Simplifying hypotheses :

> p1— p2, M2 =1+ p1g8'h1, & —gp2 =

> Hi=H,
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Barotropic/baroclinic decomposition : Mathematics of

the atmosphere
and oceans 3

hivi + hovo V. Zeitlin
Vbt = ———— Vhc =V1—V2 (60)
H
. . Kelvin waves in
Barotropic streamfunction : Revfeeith an,

Waves in RSW
with an idealized
coast and a shel

Waves on the

h1 4+ hy = const = coastal currant

V-(h1v1+hQV2):HV'vbt:0:>vbt:2/\V¢

Topographic
waves

Equatorial scaling with g — g’ =

Non-dimensional linearized equations for Eaatorial waves
¥y Vbe = (U, v), 1 Barotporic vs

equatorial waves

V2¢t + T/Jx - 07
vi+Vh+yzxv = 0,
hy+V-v = 0. (61)



Wave solutions

» "Free" barotropic Rossby waves
o = Ape' @) e 0=ka —wt,  (62)
with dispersion relation
w= k(K2 + 1), (63)
» "Trapped" baroclinic waves :
(u,v,n) = (iUn, Vi, iH,) Ae™" + c.c.; 0, = kx — wpt
(64)
with dispersion relation

Wi (k®+2n+1Dw,—k=0; n=-1,0,1,2,..., (65)

- Kelvin, Yanai, Rossby, Inertia-Gravity

Waveguide transparent for barotropic waves
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Equatorial waveguide and planetary waves

Interaction free planetary waves -trapped equatorial waves

[Incoming free
[planetary
wave

o]

[Secondary
radiated)
planctary wave

frrapped
fequatorial wave
(Rossby and/or
[Yanai)
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Mathematics of

First conclusions the atmosphere

and oceans 3
V. Zeitlin
» Variety of large-scale waveguides : coastal /topographic,
mean current, equatorial with corresponding waveguide
modes

» Waveguide modes include : weakly dispersive
(non-dispersive in hydrostatic approximation) Kelvin
waves, strongly dispersive Rossby modes

» Wavegude modes in coastal and equatorial waveguides
partially fill in spectral gap = care needed in identifying
slow motions as vortex ones.

» Linear waveguide modes coexist with free-waves -
possibility of interactions at nonlinear level
(semi-transparent wavegudes).

Conclusions

» Breaking and front formation expected for
non-dispersive Kelvin waves at nonlinear level.
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