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Dimension “1.5" : no dependence on y

Equations of the model : L

Lagrangian 1.5D
RSW
Fully nonlinear

geostrophic
adjustment

Opu + udiu — fv + goh = 0, s
2-layer RSW

Otv + uOxv + fu 0,
ath + Uaxh —I" haxu =

2.5D PE

Existence and
uniqueness of
adjusted state

Frontal configurations : localized distributions of v(x), h(x) e
. . EP
with common compact support in x of v, Oyh. R

zero PV

Frontogenesis at
constant PV



Lagrangian invariants

» Potential Vorticity :

Q = (0xv + f)/h, (1)

» Geostrophic Momentum :
M = v+ fx (2)

(9: + ud)M =0, (8, + udy)Q = 0. (3)

Inertia - gravity waves

Linearization with respect to the rest state H = const : zero
mode (slow motions) and inertia- gravity waves (fast
motions) with standard dispersion relation :

wz:l:(cgk2+f2)%, o =+/gH. (4)
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Geostrophic equilibrium
Exact solution of the equations of motion :

fv=goxh, u=0, (5)

(Infinitely) slow motions : vorticity is entirely determined by
the perturbation of h and vice verse :

g 52
Qle) — <f+fhaxxh> ) (6)

Geostrophic adjustment

Adjustment — Relaxation towards equilibrium state.
Equilibrium <> minimum of energy = necessity to evacuate
energy. The only energy sink in the absence of dissipation :
émission of inertia - gravity waves.
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Equations of motion in Lagrangian coordinates the stmasphere

and oceans 5

. . V. Zeitli
Lagrangian coordinates -

Trajectories of "fluide parcels" x — X(x,t), where x is a

position of the parcel at t = 0. X = u(X, t), X' := %—f.

Momentum equations

Lagrangian 1.5D
RSW

X —fu+gdxh = 0,
v+FfX = 0, (7)
where v is considered as a function of x and t.

Conservation of mass :

h(X,t)dX = hi(x)dx, = h(X,t)=h(x)0xx. (8)



Reduction to a single equation

Integration of the equation for v :
v(x, t) + X(x, t) = M(x) . (9)

Determination of M from b.c. :
M(x) = tx + vi(x). (10)

Chaine differentiation :
Oxh = dx (hi(x)8X) = hy (X') 2= hy(x)X" (X')~

Closed equation for X :

X+ X 4 ghly (X') 72 + %h’ [(X’)_ﬂ/ =fM. (12
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Re-writing in terms of deviations of parcels from their initial
positions : X(x, t) = x + ¢(x, t) :

; , 1 h 1 ' Lagangian 15D
oeroe (ap) v (ram) —7- 09 8

To be solved with b.c. :

QZ)(X)O) =0, QZ)(X? O) = UI(X)7

where u; is the initial velocity in x direction.



Direct simulation with MATHEMATICA of the A

and oceans 5

1.5D adjustment V. Zeitlin

Initial configuration :

hi(x) = 1467, vi(x) = —2(x+0.2sin(x)) e, u(x) = 0.1e X
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Wave breaking leads to numerical oscillations on the left in
this non-shock-capturing simulation.



Example : adjustement of a "wind blow" (Rossby,
1936)

Initial condition : jet out of equilibrium :
h; = H = const, v; # 0.
Notation J = 90X /0x = H/h(X, t).
g Oxh= 0P, P = gH/(2J?) — Lagrangian pressure
Lagrangian equations :
u—fv+ 0P =0, (14)

v+ fu=0, (15)
J—0u=0. (16)
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Reduction to a single equation for J

J+ 21+ 02P="FHQ.

Here

(17)

Q) = 7 (vl ) + H(x, 1) = 3 (B (x) + ()

Stationary adjusted solution :

f2J+ 02.P = fHQ

- entirely determined by @
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Mathematics of

High-resolution numerical simulations of Rossby AT

and oceans 5

adjustment V. Zeitlin

potential vorticity q; Ro=1 and Bu=0.25

Normalized profile N, ()

Fully nonlinear
geostrophic
adjustment

-2LRd ~LRd 0 LRd 2URd E o
xIRd x/Rd

Initial jet profile (left) and initial and final distributions of PV
(right). Notice the region of negative PV.



Process of adjustment as seen in the thickness the stmasphere
3 and oceans 5
fleld V. Zeitlin

height h; Ro=1 and Bu=0.25

YT =0.0

uT, =02
Fully nonlinear
geostrophic
UT,=0.4 adjustment
h

UT, =0.6

'./T' =1.0
—-10 -5 o 5 10
x/Rd

Notice a discontinuity formation in the region of negative PV.
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Existence of adjusted state : question

Does physically acceptable, i.e. smooth with everywhere
positive thickness, adjusted state exist for any initial PV, and
is it unique?

In original variables X : dX = Jda,

a % dzdl;g) + h(X) Q(X) = f. (19)

where PV is a function of X, which is given by the inverse
mapping x = x(X, t) :

1 vi(x(X))
Q) = 1 x0) (” o )

Existence and uniqueness of positive solutions for ODE (20) ?
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Existence of adjusted state : answer

Theorem

For positive Q(X) with compact support derivatives and
arbitrary constant asymptotics (front) equation (20) has
unique bounded and everywhere positive solution h(X) at
—o00 < X < +o00.

Frontogenesis : "catastrophic" adjustment leading to a
non-smooth adjusted state.
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2-layer rigid-lid RSW

Oty + 10y up — fvg + pflaxw =0,
Orvi + ur(f + Oxvy) =0,
Oy + Oy ln — fvp + p2_16X7T +g'0xn =0,
Otva + up(f + Oxv2) =0,

Oe(Hh —n) + 0x((H1 — n)ur) =0,

9e(H2 + 1) + 0x((H2 + n)u2) =0,
g’ - reduced gravity, H; + H, = H. PV layer-wise :

f+0 f+0
QlZM, and Q2:&_
hl h2
Geostrophic equilibria : exact solutions :
1
Vi=—— aXTI' 5
f p1
/
Vo = 7 X7r—|—g?('9x77.

(22a)

(22b)
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Existence and uniqueness of adjusted states the stmasphere
and oceans 5
Combining (22) and (23a) — ODEs for equilibrium heights : . SR

T (@ r Q)= (=) +HQ) . (23)
by —(QetrQ)he=—(f(1=r)+rHQ) . (23b)

where r = p1/p2 < 1. Both of the type
The role of
S ver o

h" — R(x) h = —5(x)

Similar to 1-layer case : R > 0,5 > 0 = existence,
uniqueness, and positiveness of solutions.

+00. = adjusted state 3 for initial states with localized PV
anomalies with

@1>0, and Q@ >(1-r)f/H, (24)

— additional restrictions.



Equations of 2.5D PE

"Dimension 2.5" : no dependence of y :

Du

“Y A y
oF v+ ¢
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Lagrangian invariants

» Potential temperature 6,

» Potential vorticity :
g = (Oxv + )0, — v,b,,
» Geostrophic momentum

M= v+ fx

D
5(97 M7 q) =0.

Expression of g in terms of M :

(32)

(33)

(34)

Mathematics of
the atmosphere
and oceans 5

V. Zeitlin

2.5D PE



Inertia - gravity waves

Linearization about state of rest with linear stratification

N2
0=0,—=z
g

with constant Brunt - Vaisala frequency N = const : zero

mode (slow motions) and inertia- gravity waves (fast
motions) with standard dispersion relation :

k2
_ 2 2
w=E£(N"— +f)

N|=

where wavenumber in (x, z) space is :

k = kx + mz.

9

(35)

(36)
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Thermal wind and geostrophic potential

Stationary states
u=w=0, fv=29¢y g5 = ¢z
Elimination of ¢, use of M :

oM _ g 00

f oz ~ 0 ox’

= "geostrophic potential" ® may be introduced for

equilibrium states :

o
M=f1—
Ox '

6,00

0 g0z

(37)

(39a)

(39b)
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Monge-Ampére equation for adjusted state the atmasphere

and oceans 5

V. Zeitlin
Lagrangian conservation of PV = same PV in initial and
adjusted states :
_AM,0)  P0Pe [ Po N gf (40)
7= I(x,z)  Ox2 0z2 oxoz) 0,7
Monge-Ampére (MA) equation.
Localized fronts on the background of linear stratification
N = const in the whole (x, z)- plane :
1 2.2 2_2 xistence an
Pl 21500 = 5 (FX7+ N°27) = et

® = const at a distant ellipse = Dirichlet problem in a
convex domain.
Existence and uniqueness of solution : < g > 0.



Complications with vertical boundaries
Flow in astrip z- <z<2z,, zL =const. ¢ >0 =

(x,z) — (M, 0) well defined, strip — non-convex domain.

Thermal wind relation :

Ox g0z
2 0, 0M
“Potential” WV for (x,z) :
X = b OV z= f_la—w —
g oM 06

Monge-Ampére equation :
Puorv PV 41
OM? 962 oMo ) — gfq
Neumann boundary conditions at vertical boundaries :
oV
00

f~ =z

My ,04

No existence and uniqueness results for MA equation in
non-convex domain with Neumann b.c.

(41)

(42)
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Equations of motion in Lagrangian coordinates

Lagrangian coordinates

Trajectories of fluid "parcels"
(x, z) = (X(x, z,t), Z(x, 2, t)), where (x, z) is a position of
a parcel at t = 0. (X, Z) = (u(X, Z,t),w(X, Z,t)).

Incompressibility equation - conservation of volume :

X, Z) _
Hydrostatic equation
a(X 0
Oz = X, 9) _ gt (46)

d(x, z) 0,
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Mathematics of
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Horizontal momentum equations and oceans 5
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X—f+dx¢ = 0,
v+fX = 0, (47)

1.5D RSW
Lagrangian 1.5D
RSW

ety renilnes

Elimination of v : e
. he role of
Conservation of M and b. c. : Baraclimiciy
2-layer RSW

M(x) = v + X = fx + vi(x). (48)

2.5D PE

Existence and
uniqueness of
adjusted state

Elimination of ¢ by cross-differentiation : Lagrangian 250

Frontogenesis at
zero PV

Frontogenesis at
8(0/3 Z) constant PV

(X, X — fv — 2x) B
o z) 0 (49)

d(x, z)

&
6,



Stationary adjusted states : the stmasphere

and oceans 5

V. Zeitlin

8(X —fV/—f2X) g (9/,2)

90x,2) 0 oxz 0 09
oX.2)
o )

These equations can be solved analytically for configurations
with constant PV, for example for a layer of the fluid
between a flat bottom (at z = 0) and a rigid lid (at
z=H=1), withb. c.:

Lagrangian 2.5D
EP

Z(x,0)=0,2Z(x,1) =1. (52)

Localized fronts/jets correspond to X|, ,, = x.



Initial configuration :

0, varying only horizontally, no vertical shear in v; :

01 =0i(x), vi=v(x) =q=0.
Horizontal momentum equation :

X 0Z gb),

97 f(l+f)+8 0, =0,

where prime denotes differentiation with respect to x.

Integration in z :

F(x) g0, /0r

TN W+ F2

F(x) - integration "constant" .

(54)

(55)
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Using the incompressibility equation :

2 gQ;/Or /_ F ' i
‘ <fv,’+f2 2\Fjrr) T2 =0,

(56)

where G(x) - another integration "constant" after integration
in z.

Applying b. c.

g(x) = 0, (57)

F ! B 1/ g0/6, '_ 1,
<f,+f2> - 1+z(fv;+f2) =14 5458
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Explicit form of stationary solutions :

Xs=x+A(x)<

1

1
2

/
_Z) , .A_ gel/er

- fv] + 2

(59)

1 / 1 / ? I
Zs:m 1+2A(X)—\/<1+2A(X)> —2zA (x)|

This mapping (x, z) — (Xs, Zs) can be singular = not
bijective, if 3(x,z) :

ox

OXs _

Singularity appears at the boundaries = criterion :

1:|:“%/:O,or:

g
fo,

(

g9,/0,
f+v

/
) =42,

(60)

(61)
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lllustrations : zero PV, localized anomaly of
without initial jet v; = 0.
Initial configuration

Profiles of 6, = tanh(x) (dashed), of A’ (continuous), and
discontinuity thresholds A" = +2 (dotted) :

Isentropes in the adjusted state

\%\ |
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Adjusted state the Semasphers

and oceans 5
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Isotachs of the velocity field

0.6 1.5D RSW
Lagrangian 1.5D
RSW

0.4
Fully nenlinear
0.2 geostrophic
adjustment
0 The role of
-3 -2 -1 0 1 2 3 baroclinicity
2-layer RSW

Velocity as a function of X on the vertical boundaries

1

0.75 2.5D PE
_---0s Existence and
- T~ uniqueness of

Phd 0.25 =~ .
-~ adjusted state

Lagrangian 2.5D
EP

Frontogenesis at
zero PV
Frontogenesis at
constant PV




lllustrations : zero PV, localized anomaly of # with
an initial jet v; = 0.55¢ "

Initial configuration

Profiles of 6, = tanh(x) (dashed) and of A" (continuous),
and discontinuity thresholds A" = 42 (dotted) :

\
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Adjusted state the Semasphers

and oceans 5
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Isotachs of the velocity field

1 7/

0.

0. 1.D RSW
Lagrangian 1.5D

0. RSW
Fllly el

0. /\ geostrophic
adjustment

VN The role of
-3 -2 -1 0 1 2 3

baroclinicity
2-layer RSW

Velocity as a function of X at the vertical boundaries
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Existence and
uniqueness of
adjusted state
Lagrangian 2.5D
EP

-0.5 Frontogenesis at
zero PV
Frontogenesis at
- constant PV



Beyond the singularity :

Configuration with v; = 0, isentropes :
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Initial conditions and equation for adjusted state

Initial configuration :
Flow in a strip : —oo < x < +00,0< z < H.

Horizontal anomaly of linear profile potential temperature, no

v -

0,
0 ==
g

Horizontal momentum equation :

(X, Fx) 0Z 297 _

- +gU'(x) 5

d(x, z) 0z Ox 0,

(N?z + gip(x)), v; =0 N = constant.

(62)

(63)
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New variables and equivalent Laplace equation the stmasphere

and oceans 5

. . V. Zeitlin
New variables : (x,z) — (x, Z). Momentum equation —

(X, f?x) , 20z
Incompressibility condition :
X, Z) oxX 0z
ox,z) L ox 0Z =0 (65)

Elimination of z — equation for X :

2
20X 0 | — By, (66)

9?X

2

——+N - =
0Z |y F2

f 027 02x

Frontogenesis at
constant PV

After rescaling - standard Laplace equation with Neumann
boundary conditions in a unit strip.



Use of the theory of complex variables

Neumann problem <> Dirichlet problem for conjugate

analytic function.

Schwarz integral : general solution

F(¢) = a(¢) + ib(C), ¢ = x + iZ of Dirichlet problem in a

unit strip in the complex x, Z plane with b.c. a =ag; at
=(0,1)

i -
F(¢) = 2/ dt ai(t)tanh ———= m(t 5 %)

— ;/joodtao( t) coth m(t 2_0
Our case : ag = a1 = Y(x) =
_ [ ¥(t)
F(C) - ’/_OO dtm. (67)
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Solution of the adjustment problem

X(x Z)—x+/+oodt l—i—% (68)
b - . BZ b
where
+oo cosh7(t — x) sinwZ

,Z)=RI[F({)] = dt(t .
alx.2) F() /oo i )sinhzw(t—x)—i—sinZ 4
{ (69)

Singularity : 3(x, Z) : % < 0. Appears at strong enough

amplitudes of density perturbation [i(x)| at the boundaries.
Example : ¢/(x) = atanh(7x)
cos(mZ)
. —
cosh(mx) + sin(wZ)
Singularity at z=Z=0if a > 2.

X(x,Z)=x+a
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Axisymmetric PE

Yo+ D =-00.

dt
dv
dt
db
dt
1
78r(r u) + 0,w =0,

—i—u(f—l—%):O,

0, 0,¢=0b,

where % =0: + U0, + wo,.

Stationary solution : cyclo-geostrophic equilibrium :

v(f+ %) — 8,6, b=0,0.

(70a)
(70b)
(70c)

(70d)

(71)
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Mathematics of

Lagrangian picture P
and oceans 5

Lagrangian mapping : (r, z) — (R(r,z), Z(r,z)), u = R.

Advection of buoyancy : b(R,Z) = 0 = b(R, Z) = by(r, z) Ve
From (71b)
d 2 R2 2
o <rv—|—fr2> =0 = Rv—i—f?:rV/-Ff%EM,
where (...); - initial values. M - angular momentum —
1 R?
== M-f—]. 72
o= (m-r%) (72)
i o(R?, 2)
Incompressibility <+ RdRdZ = rdr dz < G 1
Lagrangian equations :
. f2 M?
R+ R-Z_
+ 2 3 + Or9, (73a)
d(R? Z i
az¢ = b, g =1. (73b) cyclo—gezztrophic

a(r2’ Z) adjustment



Mathematics of

Equation for adjusted state the atmosphere

and oceans 5

V. Zeitlin

Elimination of ¢ by cross-differentiation :

o(R,R—M
<6(R, Z)R ) - 82 ’7 Z)) 0, (74a)
RO(R, Z)
s oy =L (74b)

Stationary solution<> adjusted state resulting from evolution
of initial state with M,, b, :

1 O(R, I\/I, (r,2)) N a(bi(r,z),Z) RI(R, 2Z) _

TR 9(r,2) a(r,z) 7 r O(r,z)
(75)

Cyclogenesis, a
catastrophic
cyclo-geostrophic
adjustment



Barotropic initial state
z- independent initial configuration b(r), M;(r) =
R730,R0,M? + 0,b10,Z =0 = (76)
Integrating in z allows to get an expression for R :
R? = Al(Z =H(n) ™, (77)
where H is arbitrary function (“integration constant” divided

by b)), to be determined from b.c., prime denotes r

: . . MM/
differentiation, and we introduced A(r) := =~
!

Injection into (75b) and integration once more in z —

L (Mlog(Z —H) — AH(Z—H) V) =2+ G(r), (78)

r

where G(r) - another arbitrary function to be determined.
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Using boundary conditions
Vertical boundary conditions :

1)Z|,.,=0,2)Z|,_y=H=
1. Expression of G via H(r)
1
o (Ajlog (=H) + AH'H™Y) =G(r).  (79)
2. Equation for H
Hl
"H—H
where expression for F (81) to be injected
Using b.c. R(co,z) =r

H=H [1 — exp <Zr2>] - = (81)

z as a function of (r, Z) from (79) :

21r<A/, log (H—H)— A ) =H+G(r), (80)

3 (i (1 2\ 4 P _HG
=5 <A,()Iog(1 H(r)>+AI()H(r)1—H€)>'

ON)
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Simple example of cyclogenesis

Scaling: z~ H,r ~ Ry = f2 , b ~ g. Initial motionless state

with Gaussian distribution of (non-dimensional) buoyancy :
vi=0, by = Befr2/4.
At the upper boundary (78) :

Rz‘z 1 (r2 exp(r2/B) (exp(B exp(—r2)) — 1) (83)

becomes non-monotonous <+ 3r : 9R/0r =0 at
B> B, ~4.3.

2 (left) and v (right) as functions of r? at z = Z = H.
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» Geostrophic adjustment in the absence of dissipation
can lead to singularity in Lagrangian mapping

» Singularity manifests itself as formation of sharp
gradients of buoyancy and velocity < fronto- or
cyclo-genesis

» Sufficient condition of the absence of singularity in the
unbounded domain : positiveness of potential vorticity
(PV)

» Absence of criteria in the presence of boundaries

» Zero-PV configurations allow for analytic solutions of
the adjustment problem and direct proof of singularity
formation.

Conclusions
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